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In the following paper, which is based on the authors PhD thesis submitted to Imperial 
College London, we explore the applicability of Yangian symmetry to various integrable 
^ ' models, in particular, in relation with S-matrices. One of the main themes in this work is 

' that, after a careful study of the mathematics of the symmetry algebras one finds that in 

QQ , an integrable model, one can directly reconstruct S-matrices just from the algebra. It has 

QQ ■ been known for a long time that S-matrices in integrable models are fixed by symmetry. 

However, Lie algebra symmetry, the Yang-Baxter equation, crossing and unitarity, which 
are what constrains the S-matrix in integrable models, are often taken to be separate, 
independent properties of the S-matrix. Here, we construct scattering matrices purely 
from the Yangian, showing that the Yangian is the right algebraic object to unify all 
required symmetries of many integrable models. In particular, we reconstruct the S- 
matrix of the principal chiral field, and, up to a CDD factor, of other integrable field 
theories with 3u(n) symmetry. Furthermore, we study the AdS/CFT correspondence, 
which is also believed to be integrable in the planar limit. We reconstruct the S-matrices 
' at weak and at strong coupling from the Yangian or its classical limit. 

$H ' We give a pedagogical introduction into the subject, presenting a unified perspective 

of Yangians and their applications in physics. This paper should hence be accessible to 
mathematicians who would like to explore the application of algebraic objects to physics 
as well as to physicists interested in a deeper understanding of the mathematical origin 
of physical quantities. 
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1. Introduction 

In this paper we will investigate the applicability of Yangian symmetry to integrable 
models. We give a unified, self-contained introduction to the mathematics of Yan- 
gians and their universal R-matrices and explore recently discovered applications 
to physical systems. In physics, obtaining exact analytic expressions for physical 
quantities is usually at best difhcult, and in most cases impossible. Instead, one 
is restricted to the use of perturbative techniques or to numerical investigations. 
Indeed, besides improvement of algorithms, numerics has greatly benefited from the 
advancement of computer technology in the last decades. To obtain a result to the 
desired accuracy, one often just requires the use of a faster computer. However, for 
certain questions, it is just not sufficient to simply get better numerics. Consider, 
for instance, QCD. QCD is a quantum field theory developed to explain phenom- 
ena of the theory of strong interactions. It is asymptotically free |1I2I3I4| . which 
implies that perturbation theory at high energies is effective in the investigation 
of the physics. However, the number of Feynman diagrams increases significantly 
with the order of perturbation theory, and there is no hope for a general all loop 
answer. At low energies, much less is understood, as the theory is strongly coupled 
and confining. Indeed, quarks and gluons never appear as individual particles in 
nature, but only as colour singlets. As perturbation in the coupling does not work 
in this regime, one usually restricts the investigation to lattice discretisation. After 
decades of improved methods and dramatically advanced computer technology, still 
no exact masses of all the mesons and baryons have been derivecQ, and confinement 
is yet to be understood better. On the perturbative side, computer power seems to 
have been used at its maximum, and the derivation of three loop Feynman diagrams 
was already quite involved |6|7) . 

Besides trying to improve numerics to get more precise quantitative results, a way 
to understand better a complicated physical system such as QCD is to simplify a 
model. One can switch off certain degrees of freedom, or integrate them out. In- 
deed, perturbation theory itself works in this way, as one throws away terms which 
are suppressed by some power in a small quantity. Then, the quantitative result 
obtained should be close to the real physical result. Occasionally, one might sim- 
plify the theory under investigation too much to obtain correct numbers, but the 
simplified theory is still good enough to share qualitative features with the original 
theory. This is for instance the case in lattice simulations of QCD. These might 
lead to the correct formation of mesons and baryons, but their masses are not nec- 
essarily correct. In QCD, one can think of some other simplifications. One might 
want to study the system without fundamental fermions, i.e. the pure SU{3) Yang- 
Mills theory. Another possibility is to generalise QCD by considering any SU{N) 
as the gauge group. In particular, it was shown in [8_ that the theory simplifies 
dramatically in the large N limit, if one also sends the coupling constant gvM to 



''For a review including more recent successes we refer to [5]. 
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zero, but keeps the 't Hooft coupling A = gyj^N fixed. Indeed, in this hmit, only 
planar Feynman diagrams survive. The remaining theory is still a complicated field 
theory which depends on the coupling constant A. One can then study additional 
non-planar corrections, i.e. perturbations in It was noticed in |5] that the per- 
turbation theory in is similar to the topological expansion of string theory. 

String theory was originally developed in the 1960s as a theory of the strong 
interactions (see the reviews |9I10I11| ). The original idea was that as between two 
oppositely charged quarks a flux tube is formed, and the potential grows linearly 
with the separation distance, the dynamics can be described by a string. However, 
the quantisation of such a model leads to the appearance of a spin two particle 
in the spectrum, which is not observed in this regime. Furthermore, consistency 
required the theory to be defined in 26 space-time dimensions, and the spectrum 
contained tachyons. With the subsequent discovery of QCD in the 1970s, string 
theory became less popular, despite the interesting claim that the spin-two particle 
should actually be related to the graviton. Hence, string theory was conjectured 
to be a theory of quantum gravity. String theory became popular again with the 
discovery that the supersymmetric extension of strings can be anomaly free if it 
is defined in 10 dimensions |12| . It was hence considered a more serious candidate 
for a theory of quantum gravity. Indeed, having 10 instead of 4 dimensions was 
now considered as a virtue rather than a flaw, as one was trying to use 6 of the 
10 dimensions as internal dimensions in a Kaluza-Klein compactification of the full 
theory, leading to the gauge theories of nature. Hence, string theory was considered 
to be able to describe both gauge theories and quantum gravity, and is considered 
as a candidate for the theory of everything. 

To date, it is still not quite clear how exactly one should obtain the standard 
model from string theory. For the purpose of scientific interest of this work, it does 
not matter whether or not string theory will ultimately turn out to be the the- 
ory of everything or not. What is important is that in the decades of development 
of string theory, lots of interesting and useful mathematical structures have been 
found. In this sense, string theory has a similar status as quantum field theory. 
Quantum field theory provides a useful framework which can be applied to many 
problems in physics, especially in particle physics and in condensed matter theory. 
Likewise, string theory can be applied to different problems, or it can be seen as 
the fundamental, unified theory of all particles and forces. The most prominent of 
the new applications of string theory is via a new connection between gauge and 
string theory, in the line of thought of [5] discussed above. Such a precise connec- 
tion was found in the late 1990s in [13114115] . and claims the exact duality of string 
theory on Anti-de Sitter spaces in d -I- 1 dimensions, with conformal field theories 
in d dimensions. As string theory is consistent only in 10 dimensions, the d + 1 
dimensional Anti-de Sitter space has to be accompanied by a 9 — d dimensional 
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internal manifolc0. This connection of string theory and conformal field theory is 
known as the AdS/CFT correspondence. 

In this paper we will be only concerned with the best understood example of 
the AdS/CFT correspondence, which is between Af — 4 Super Yang-Mills theory in 
four dimensions with SU {N) gauge group, and string theory on an AdS^ x space. 
Shortly after the discovery of the AdS / CFT correspondence [13] , only comparatively 
simpler physical quantities such as BPS operators and supergravity states could be 
compared |14|15j . The reason is that the correspondence is in fact a strong- weak 
duality. This means weakly coupled gauge theory is related to strongly coupled 
string theory, and vice versa. As we argued above, we can often understand phys- 
ical systems well if we have a small parameter in the theory, which we can use for 
perturbation theory. Now the problem is that if physical quantities in the gauge 
theory are perturbatively calculated in a series in one parameter, the corresponding 
dual string theory quantity will have the inverse parameter as the natural expan- 
sion parameter. This makes a perturbative comparison of physical quantities hard 
to achieve. Indeed, the quantities compared in [14|15) are independent of the cou- 
pling. 

Furthermore, when the AdS/CFT correspondence was formulated, not even an 
action describing the motion of strings on AdS^ x was known. In general, it is 
a hard task to explicitly describe the motion of strings on curved space-times. The 
action was later fixed in |16) . An attempt in computations beyond the planar limit 
of the AdS / CFT correspondence started with a proposal of a new limit of string and 
gauge theory in TTf] . In this limit long operators with large R-charge were compared 
to strings spinning fast around a big circle in the five sphere of the AdS^ x space. 
These operators or string states were allowed a small number of excitations of other 
charges. Hence, these operators are not protected under supersymmetry. In the dual 
string theory, the corresponding limit amounts to taking a plane wave limit. Such 
limit was also found in |18j , and it was shown that string theory is exactly solvable 
in that limit |19I20| . Related limits of fast spinning strings were found in [21122) . 
see also the reviews [23124] . It turned out later that the precise limit proposed in 
[TT] was ill-defined (see e.g. the discussion in [25]). Nevertheless, [17] can be seen 
as a starting point for developments in understanding the non-trivial parts of the 
AdS/CFT correspondence, which we will now summarize. 

The next crucial development towards a precise understanding of the AdS/CFT 
correspondence was the observation in [26j that in certain sectors at one loop in 
the 't Hooft coupling X of Af — A Super Yang-Mills theory, the dilatation gener- 
ator, which describes the behaviour of the theory under scaling transformations, 

''There is an analogous correspondence for M-theory in eleven dimensions, which we will not 
discuss in this paper. 
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behaves like an integrable spin chain Hamiltonian. Subsequently, this observation 
was generalised to the whole one loop J\f — i Super Yang-Mills theory [27] , and in- 
tegrability was conjectured to survive for the whole AdS/CFT correspondence [28] 
in the 't Hooft limit. Indeed, on the dual string side, a Lax connection was found 
[29] , indicating the classical integrability of the string sigma model. This generalises 
earlier work about the classical integrability of the bosonic part of the sigma model 
[30j . Consequently, non-local conserved charges were found on the dual gauge side, 
and shown to form a Yangian algebra [31i32j . 

Before continuing the discussion of the AdS/CFT correspondence, we should 
clarify what we actually mean by an integrable system. If we have a mechanical 
system with a finite number of degrees of freedom, there is a mathematically well 
defined notion of integrablility (see e.g. [33]). Namely, a system is called integrable, 
if it possesses as many independent conserved charges as it has degrees of freedom. 
Then, the theorem of Liouville- Arnold implies that the phase space factorises into 
(projective) tori. In suitable coordinates on these tori, the motion of the system 
is just linear. Integrability in the AdS/CFT correspondence arises on both sides 
of the correspondence in a completely different fashion. On the gauge side, we are 
dealing with the dilatation operator, which acts as an integrable Hamiltonian on a 
spin chain of arbitrary length. On the string side, we are dealing with an (at least 
classically) integrable sigma model. In both cases, we have an arbitrary number of 
degrees of freedom. Furthermore, we are dealing with quantum systems. Hence, we 
should discuss the meaning of integrability in those cases. 

The way integrability is manifest in most known integrable systems with in- 
finitely many degrees of freedom is in terms of the appearance of a certain quantum 
group, which acts as their algebra of symmetries. Quantum groups are Hopf alge- 
bras, which are extensions of ordinary algebras combined with a so-called coalgebra 
structure. This coalgebra structure consists mainly of a coproduct, which defines 
the action of the symmetry generators on tensor products. Indeed, ordinary Lie 
algebras act on tensor products, or multi-particle states, just as the sum on the 
individual states. This implies that the quantum numbers on multi-particle states 
should simply add up. For many integrable systems, new kinds of non-local charges 
appear. Non-locality is realised by the fact that the symmetry generators act non- 
trivially on a multi-particle state, i.e. not simply as the sum of the actions on each 
individual particle. In field theories. Lie algebra generators are usually realised as 
integrals over local conserved currents. In the case of the two dimensional non-linear 
sigma models, classical non-local conserved charges were constructed as double inte- 
grals over the product of two currents at different points in space [34j . For the 0{n) 
sigma model, these charges were argued to survive quantisation |35j . These non- 
local charges are the first in a series of infinitely many non-local conserved charges. 
In [35] , it was also argued that this implies the factorisation of the scattering matrix 
into two-particle S-matrices, and the order of the two particle scattering processes 
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does not matter. Furthermore, there can be no particle production or annihilation. 
This implies that the so-called Yang-Baxter equation holds. As one has a relativis- 
tic theory, one can derive a crossing equation for the two particle S-matrix, and 
the S-matrix should also be unitary and have the right analytic properties. Having 
established these properties imply that the two particle S-matrix is completely fixed 
up to a simple CDD factoiEl, which satisfies the homogeneous crossing and unitarity 
equations. This implies that the CDD factor is a trigonometric function, and it can 
be fixed if one knows about the particle content of the theory, and hence about the 
pole structure of the S-matrix. This line of thought was proposed in the 1970s, see 
e.g. |37|38) . The two particle S-matrix allows one to reconstruct all S-matrices by 
the property of factorisability. Often in the literature, the higher conserved charges 
implying factorisability of the S-matrix are local charges |39|40|41] . which can be 
used to disentangle a multi-particle scattering process. Indeed, it seems for most 
known cases of integrable models, local and non-local conserved charges coexist. 
Furthermore, their origin can often be traced back to a quantum groups. The ar- 
guments in 35 for the factorisation are however given by using non-local charges. 

As the conserved charges imply the factorisation of the S-matrix, this factori- 
sation and the absence of particle production is in turn often taken as a definition 
of quantum integrability. In this paper we will give a reason why this makes sense. 
We will show that the scattering matrices for at least some integrable models also 
follow directly from the underlying infinite dimensional quantum group symmetry. 
If one takes for instance the two dimensional principal chiral field with su{n) x su(n) 
symmetry, similar arguments as for the 0{n) sigma models imply the factorisability 
of the S-matrix. The two particle S-matrix has been derived and used to construct 
so-called Bethe equations |42I43I44] . which are periodicity conditions on the wave 
function. It is well known that the principal chiral field also has conserved non-local 
charges, similar in nature to the charges of the 0{n) model [35]. These charges are 
related to the Yangian [4^. The matrix part of the scattering matrix is propor- 
tional to two copies of the standard Yang R-matrix, which is simply of the form 
TZ cx Id+^V. Here, V is the permutation operator, and u ~ ui — U2 is the difference 
of rapidities of the scattered particles. This matrix is well known to be invariant 
under the Yangian. However, it is not clear at all that the complicated scalar factor 
of the S-matrix should come directly from the Yangian. Furthermore, even though 
the conserved charges have, in many cases, been rigorously constructed in the clas- 
sical theories, their survival in the quantum theory is usually not easy to see. We 
refer the reader to the discussion in [46147] about conserved charges of the principal 
chiral field. 

Let us have a look at the mathematical side of Yangians. They are infinite di- 

'^Castillejo-Dalitz-Dyson (CDD) factors appeared first in the study of Low's scattering equation 
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mensional symmetry algebras extending traditional Lie algebras. Indeed, they can 
be considered as deformations of the universal enveloping algebra of q[u\, which is 
the algebra of polynomials in u with values in a simple Lie algebra g. The origi- 
nal definition of Yangians was given in [48] , where the algebraic structure behind 
rational solutions to the Yang-Baxter equation was investigated. It is named after 
C.N. Yang, who found the first rational R-matrix with su{n) invariance as given 
above. If one thinks of scattering problems, the parameter u will be related to the 
rapidity of the particles. An important property of Yangians is that they allow for 
a so-called quantum double construction 49 . On the classical level, this "doubles" 
the polynomial algebra g[u] to the loop algebra q[[u, u~^]]. The importance of this 
construction lies in the fact that these quantum doubles have a universal R-matrix, 
which is an R-matrix defined in terms of the abstract generators of the Yangian 
Double. It satisfies an abstract Yang-Baxter equation, and is inverted by the action 
of the antipode map. Upon specifying a representation, this universal R-matrix 
should automatically lead to crossing invariant solutions of the Yang-Baxter equa- 
tion. One problem is that simple evaluation representations, which enable one to 
evaluate the universal R-matrix on a representation, do not exist for Yangians of 
algebras other than 5l(n\m). Furthermore, the universal R-matrix is defined as an 
infinite product, as there are infinitely many generators of the Yangian. There are 
ordering issues, and, to our knowledge, such an explicit evaluation of the whole 
R-matrix has not been done so far for algebras of rank greater than one. Another 
problem of the construction of [49] is that the resulting S-matrices on represen- 
tations are not unitary. Consequently, the interest in universal R-matrices in the 
physics literature has been somewhat limited. 

Another way to construct the Yangian is via monodromy matrices. These are 
the same monodromy matrices underlying the algebraic Bethe ansatz, or quantum 
inverse scattering method (see e.g. |50I51| ). which is a method to find the spectrum 
of integrable models. Indeed, consider e.g. integrable models with su{n) invariance. 
The monodromy matrices are usually thought of as x n matrices, where each 
entry of the matrix corresponds to an abstract generator. For a realisation on a 
spin chain, the abstract part becomes a big matrix acting on the Hilbert space of 
the spin chain. Additionally, the monodromy matrix depends on a spectral param- 
eter, and the expansion in this parameter around infinity leads, at lowest order, 
to the usual Lie algebra generators, whereas the higher orders correspond to the 
non-local charges discussed before. Furthermore, the trace of the monodromy ma- 
trix also contains the local conserved charges, if one expands about certain special 
poles. The commutation relations of the Yangian are defined via the famous RTT 
relations. These impose relations for the entries of the monodromy matrix, which 
are essentially the Yangian generators. RTT relations are derived from the Yang- 
Baxter equation, as for lattice models the monodromy matrix can be constructed as 
a product of R-matrices. Indeed, the RTT relations were known before the formal, 
mathematical definition of the Yangian given in [35] . 
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Yangians also play an important role in integrable spin chain models. Indeed, 
the simple Heisenberg XXX spin chain with nearest-neighbour interaction and its 
generalisation with su(n) symmetry are invariant under Yangian charges, at least 
in the infinite length limit, when boundary terms can be neglected. The spectrum 
can be computed with the algebraic Bethe ansatz (see [51]), where the fundamental 
object is the su(n) monodromy matrix, which, as we argued before, is the defin- 
ing object of the Yangian. Furthermore, one can also obtain Bethe equations by 
considering excitations over a ferromagnetic vacuum, and the resulting S-matrix is 
invariant under the Yangian of su(n — 1). Its scalar factor in this case is trivial. 
Interestingly, if one scatters spinous defined over the antiferromagnetic vacuum, 
one gets an S-matrix invariant under the Yangian of su(ri,), which now has a cross- 
ing invariant dressing factor resembling the structure as found in other relativistic 
integrable models with su{n) symmetry (see also [51]). 

Indeed, the Yangian seems to be the central algebraic object underlying a range 
of integrable model^. In particular, the Heisenberg XXX spin chain, which ap- 
pears in one-loop A/" = 4 Super Yang-Mills theory, is invariant under a Yangian, 
and the charges on the string side of the AdS/CFT correspondence are also related 
to a Yangian. Hence, it is natural to expect that the Yangian plays an impor- 
tant role in the AdS/CFT correspondence itself. Indeed, also at higher loops in 
the gauge theory, Yangian charges have been found in [53154) . even though just 
in restricted subsectors. A full proof of quantum integrability is currently beyond 
reach. Indeed, quantum integrability is hard to show even in standard relativistic 
integrable systems. However, in many classically integrable models, one could pro- 
ceed by assuming that the conserved charges survive quantisation. Provided that 
quantum conserved charges exist, one can conjecture the factorisation of the S- 
matrix, and derive the two particle S-matrix. The same procedure was proposed 
for the AdS/CFT correspondence [S^, and all- loop Bethe equations, conjectured 
to describe the spectrum of long operators, were written down in |56j without a 
proof of quantum integrability. These Bethe equations were later derived from the 
asymptotic S-matrix, which was obtained purely from the Lie algebra symmetry 
[57] . This S-matrix scatters magnons on the spin chain underlying J\f — 4 Super 
Yang-Mills theory , or world sheet excitations in the light-cone gauged fixed string 
theory [58] . Interestingly, the underlying Lie algebra of the S-matrix is the centrally 
extended psu(2|2) algebra, and the central charges already encode the momentum 
dependence of the underlying particles. psu(2|2) is the only simple Lie superalge- 
bra which allows for more than one non-trivial central charge, and the existence 

''Furthermore, many integrable models without Yangian symmetry have q-deformed symmetry. 
Indeed, trigonometric S-matrices are related to quantum affine algebras, which in some sense can 
be considered as deformations of the Yangian. q-deformed quantum groups appeared at the same 
time as Yangians I48I52| 



10, 2012 1:10 WSPC/INSTRUCTION FILE ws-rmp 



Yangians in Integrable Field Theories, Spin Chains and Gauge-String Dualities 9 

of those charges modifies the behaviours of tensor products of representations. In 
particular, the tensor product of two fundamental representations is generically ir- 
reducible, which explains why the S-matrix is fixed without referring to a higher 
symmetry such as the Yangian. However, the S-matrix was later shown to be still 
invariant under a Yangian based on centrally extended psu(2|2) symmetry [59] . 

An important piece of the S-matrix and the Bethe equations which is not fixed 
by Lie algebra symmetries is the scalar prefactor. As string theory in the light 
cone gauge is not relativistically invariant, the S-matrix is not of difference form. 
This is in contrast to standard S-matrices related to the Yangian and caused by 
the fact that the underlying Lie algebra is centrally extended. However, crossing 
seems an intrinsic algebraic feature of quantum groups. Indeed, in |60j . this fact was 
used, without knowing the underlying Hopf algebra, to derive a crossing equation 
for the AdS/CFT S-matrix. Furthermore, on the classical string theory side, the 
Bethe ansatz was conjectured to contain a complicated dressing phase |61j, based 
on earlier investigations of finite gap solutions in [62 . The one-loop corrections to 
this phase were subsequently investigated in [63164) and analytically continued to 
weak coupling, where the phase is trivial at the leading few orders in perturbation 
theory. Finally, the all loop result of the phase was conjectured in a strong coupling 
asymptotic expansion in |65j . and its weak coupling continuation in [25 . Later, 
the crossing equation was solved explicitly and shown to reproduce the conjectured 
phases [66] . 

Having included the correct dressing phase, the asymptotic Bethe equations 
seem to correctly describe the whole spectrum of long operators in the gauge the- 
ory, or fast spinning strings in AdS^ x . This has been confirmed in many 
tests based on semi-classical, fast spinning strings of the type introduced in |21I67| . 
However, the asymptotic Bethe equations seem to break down when the interaction 
range of the Hamiltonian becomes longer than the spin chain the Hamiltonian is 
acting on, as was confirmed in j68| . Luscher corrections can be used to obtain the 
first corrections to the anomalous dimension of short operators, such as the Konishi 
operator [69) . These corrections were first introduced on the strong coupling side 
[70) . where finite-size corrections to certain string excitations dual to the magnons 
on the gauge side were obtained. These excitations on the string side are called gi- 
ant magnons, and were initially introduced in [71) . In general, the order from which 
finite size corrections should play a role is not as clear as from the weak coupling 
side. Indeed, in [T^, the strong coupling expansion of the Bethe equation for the 
Konishi operator was investigated, and the first terms agree with the physical ex- 
pectations. Higher terms violate the analytic structure and depend logarithmically 
on the coupling constant. Interestingly, the Luscher corrections still depend on the 
asymptotic S-matrix, which now has to depend on different representations, namely 
on those describing bound state particles in the mirror theory. The mirror theory 
is related to the original theory by Wick rotation. The reason for the appearance of 
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the mirror theory is as follows. To define an S-matrix, one needs to define scatter- 
ing states. This requires one to separate in and out state, so one should define the 
theory on an infinite line. If the theory is defined on a cylinder of finite length, one 
can Wick rotate, and consider the theory with finite periodic time, or, analogously, 
finite temperature, and take instead the Wick rotated time coordinate, which is now 
spatial, to infinity. Hence, one can define a scattering theory for the Wick rotated 
theory. This trick was introduced in [73' to derive spectral equation for the original 
theory. These equations are called Thermodynamic Bethe ansatz equations, or TBA 
equations. The main problem for the applicability of this trick to the AdS/CFT 
correspondence is that string theory in the light cone gauge is not Lorentz invariant, 
hence the Wick rotated mirror theory looks quite different from the original theory. 
Nevertheless, the mirror theory was investigated in [74]. Later, another important 
ingredient towards the TBA equations, the string hypothesis, was written down in 
[75] . Ultimately, TBA equations and their associated Y-systems were conjectured 
in [76177178175] . In principle, TBA equations only describe the ground state energy, 
but analytic continuation often leads to excited state TBA equations [5D], which 
are supposed to describe the whole spectrum of any operator. 

In the present state, the TBA equations are fairly difficult to evaluate for specific 
states, even just numerically. Indeed, a goal would be to find an integral equation, 
similar to the Destri-deVega equation describing the spectrum of sine-Gordon the- 
ory [81], or the integral equation describing the spectrum of the SU{2) x SU{2) 
principal chiral field [82]. What we should note is that the bound state S-matrices 
underlying the TBA equations are still invariant under the same Yangian of the 
centrally extended psu(2|2) symmetry [83]. Only the representation is different to 
the fundamental S-matrix, as we are now dealing with bound states in the mirror 
theory. Hence, even if the definition of Yangian charges on field theories on a finite 
cylinder is not well-defined, the Yangian is still present in the corresponding mirror 
theory on the infinite line. 

Finally, we note that on the Af = 4 Super Yang-Mills theory side, the S-matrix 
we are considering is not directly related to the gluon amplitudes in four space-time 
dimensions. What we scatter here are magnons on the spin chain. In this sense, the 
S-matrix we are investigating has the sole purpose to find the right spectrum of the 
single-trace local operators. Excitingly, it was found that the tree level space-time 
gluon scattering amplitudes in A/" = 4 Super Yang-Mills theory are also invariant 
under a Yangian [84]. A further investigation of the Yangian might shed light to 
the behaviour of the amplitudes at higher loops as well. We refer the reader to 
[85|86|87|88j for more information on Yangians in scattering amplitudes, and [89|90j 
for general references on scattering amplitudes. 
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Outline 

We have seen that Yangians appear in many integrable systems, such as the XXX 
Heisenberg spin chain, relativistic integrable field theories and the AdS/CFT corre- 
spondence in the large N limit. Hence, it is well worth to gain a better understanding 
of Yangians. In this paper we will introduce mathematical features of Yangians in 
chapter [2] Besides recalling some definitions and features from the literature, we 
also include some new results concerning a modification of the universal R-matrix 
of Yangians, such that its representation satisfies the physically important property 
of unitarity and crossing. Furthermore, we obtain R-matrices for all superalgebras 
of type s[(n|m), generalising previous work on R- matrices based on simple Lie al- 
gebras. These results are based on recent work with Adam Rej ^T]. Chapter [5] also 
focuses particularly on the centrally extended psu(2|2) algebra, which is the sym- 
metry algebra appearing in the light cone string theory. It has some mathematically 
distinct features, making it special amongst all simple superalgebras. We also in- 
clude some results found in collaboration with Alessandro Torrielli [92 concerning 
the Yangian in Drinfeld's second realisation, which is suitable for the construction 
of the universal R-matrix as well as for the study of the representation theory. As 
many physical results discussed in the later chapters can be derived directly from 
the Yangian, chapter [2] plays a major role in this paper. 

Chapter |3] reviews some well known integrable systems, such as the principal 
chiral field, or su(n) symmetric Heisenberg spin chains. We do not include new 
physical results, but propose a new powerful derivation of the scattering matrix of 
the principal chiral field and other relativistic integrable field theories. Namely, we 
argue that one does not need to separate ordinary Lie algebra symmetry from the 
additional requirements of the Yang-Baxter equation and crossing and unitarity. 
Instead, the Yangian provides a unified algebraic framework, which directly leads 
to the full scattering matrix, up to a possible CDD factor. Consequently, we derive 
the S-matrix of the principal chiral field directly from the universal R-matrix of the 
underlying Yangian. 

In chapterlH we review some features of the AdS/CFT correspondence, focusing 
on its integrability properties. 

Chapter [5] deals particularly with the S-niatrix arising in the light-cone gauge 
of string theory, or in the scattering problem of magnons of the spin chain on the 
Yang- Mills side of the AdS/CFT correspondence. We include a derivation of the 
S-matrix at strong coupling purely from classical Yangian symmetries, as found in 
the publication [53] in collaboration with Niklas Beisert. Furthermore, we derive the 
weak coupling S-matrix also from the Yangian. These results have been published 
in [94] . As we have established the mathematical machinery of universal R-matrices 
in chapter [21 we can obtain this S-matrix in a straightforward fashion. Finally, we 
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speculate about the form of the all-loop universal R-matrix. 
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2. Yangians of Lie Superalgebras 

In this chapter we wih assemble some features of Yangians and their classical lim- 
its. Yangians are quantum groups which enlarge Lie algebras to infinite dimensional 
symmetry algebras. They play a prominent role in many integrable models. In par- 
ticular, they are often related to the infinitely many conserved charges of an inte- 
grable model. One way to define them is through the monodromy matrices and the 
RTT relations. This was the way Yangians historically appeared in the investigation 
of the quantum inverse scattering problem, see the reviews |50I51| . The mathemat- 
ics of the Yangian in this realisation is reviewed in [95j. From the perspective of 
S-matrices, Yangians are closely related to rational solutions of the Yang-Baxter 
equation. They are mathematically defined as deformations of the algebra of poly- 
nomials with values in a Lie algebra. So before discussing Yangians in section 12.21 
we will start by describing these polynomial algebras and their related loop and 
Kac-Moody algebras in section 12.11 In particular, we will show how to construct 
the loop algebra as a classical double of the polynomial algebra. This double au- 
tomatically contains a classical r-matrix, which satisfies the classical Yang-Baxter 
equation. In section 12.21 we will then construct a Yangian double, which contains 
a quantum R-matrix satisfying the quantum Yang-Baxter equation. Furthermore, 
the Yangian R-matrix satisfies the crossing equation, and can be chosen such that 
it leads to unitary R-matrices on representations. In particular, we directly recover 
the integrable and crossing-invariant su{n) S-matrices. This is a new result and can 
be found in the preprint [91j . written in collaboration with Adam Rej. Furthermore, 
the analysis done in this paper is valid for Yangians based on Lie superalgebras, 
whereas previous investigations were only true for simple Lie algebras. 

The focus in this work lies on Lie algebras of type s[(n|TO) and their Yangians, as 
the physical applications we are dealing with in the later chapters have this symme- 
try. We will also discuss the peculiarities of the special series s[(n|n) and the algebra 
ps[(2|2). They have the unique property that they allow for a non-trivial central 
extension. These central charges will be of greatest importance for the physics in 
relation with the S- matrix of the AdS/CFT correspondence, as discussed in chapter 
[5l In particular, ps[(2|2) allows for three independent central charges. This distin- 
guishes it from all other simple Lie superalgebras. We contribute some new results 
towards the Yangian of ps[(2|2) in Drinfeld's second realisation, which is important 
for the construction of the universal R-matrix and the study of the representation 
theory (see e.g. the recent studies of long representations of psu(2|2) k u(1)^ [55]). 
These results were mainly published in our paper ^ with Alessandro Torrielli, 
but we have changed the conventions and also included some new results. 

2.1. Lie Algebras and Lie Bialgebras 

We start by recalling important definitions for Lie algebras and Lie superalgebras in 
section B. 1.1 1 and for loop algebras in section B.1.21 General references for this part 
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are [97198199] , In section [2.1.31 we define Lie bialgebras, and focus on the example of 
loop algebras, which can be constructed as a classical double from the polynomial 
algebra. One can find more background information on Lie bialgebras as well as 
classical r-matrices in the textbook [100] . 

2.1.1. Lie Superalgebras 

A Lie superalgebra g is a vector space equipped with a Lie superbracket or super- 
commutator. Let us denote a basis by 

r , a = 1, . . . , dim{3), (2.1) 
then we denote the supercommutator by 

[r.z''} = r'cZ', (2.2) 

where f^^c are the structure constants of g. We denote by 

\a\^\r\^\' ' (2.3) 
1^ 1 , a fermiomc 

the degree of the generator -3° . If Zuea element in the universal enveloping 

algebra iX(0) corresponding to J", then the supercommutator is given by 

[ZuEAi^UEa} = ZuEA^UEA ~ {^'^^'^^^''^ZuEaZuEA- (2-4) 

Indeed, whenever we will use a product of the form J^-J^, it is understood to be in 
the universal enveloping algebra, so we will henceforth drop the label distinguishing 
elements from a Lie superalgebra to the corresponding elements in the universal 
enveloping algebra. 

An important concept is that of a non-degenerate invariant supersymmetric 
bilinear form. We will always assume its existence for the Lie superalgebras we are 
dealing with in this paper, or the existence of an extension of the algebra which has 
such form. We will denote this form by 

^-b^^y^yby (2.5) 

For simple Lie algebras this form is just the usual Killing form (up to an overall 
factor), and in general on representations one has, up to rescaling, 

AC"^ = stiiTrt), (2.6) 

where str denotes the supertrace over the corresponding representation space Vr- 
5° denotes a representation of 5°, and we will often drop the subscript as long 
as this is unambiguous. We also have to assign a degree to the vectors we are 
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representing. Let e.g. the representation space be n + m dimensional, such that the 
first n elements are bosonic, and the last m are fermionic. Then the generators of 
the Lie superalgebra can be schematically written in block form 

'A 

.CD, 



(2.7) 



such that A is an n X n matrix acting only on the n bosons, and Z? is an m x to 
matrix acting only on the fermions. As these two blocks to not change the statistics 
of bosons or fermions they are acting on, they are themselves of bosonic nature, i.e. 
they constitute the degree generators of g. C and D swap bosons and fermions, 
and are henceforth the fermionic, or degree 1 generators of g. The supertrace in 
this block form is given by 

As the Killing form, i.e. the supertrace over the adjoint representation, vanishes 
in the case of sl(fi|7i)E|, which is of importance for the physics dealt with in this 
work, we will define the invariant form as the supertrace over the fundamental 
representation. A further property is that the form acts on the bosonic and fermionic 
blocks separately, i.e. 



n"^ = (2.9) 

if \a\ = and |6| = 1, or the other way round. Supersymmetry means that the form 
satisfies 



^ab ^ (_l)|a||&|^&a ^ (_l)|a|^ba^ (3. 10) 

where the last equation holds because of the equation above. Invariance is the 
property that 



= ([^,3"},^). (2.11) 

Chevalley-Serre basis 

The Chevalley-Serre basis allows for a unified description of contragredient Lie 
superalgebra^ by encoding their commutation relations with their Cartan matrix 
A, or with their corresponding Dynkin diagram. It is also useful for applications 
in physics, as it directly involves the important Cartan subalgebra, the maximal 
subalgebra of commuting generators. 

''sl{n\n) itself is not simple, but the algebra obtained by projecting the centre out is simple. These 
details will be discussed in more detail in later chapters. 

'These are basic, classical Lie superalgebras, i.e. simple Lie superalgebras where the bosonic part 
acts on the fermionic as a completely reducible representation, and where the algebra admits a 
non-degenerate invariant bilinear form. 
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Let A be the r x r Cartan matrix, Sji, €^ and €~ be the Cartan generator and 
positive and negative simple root generators, respectively. Then these generators 
satisfy 

= SijSji. (2.12) 

These 3r generators form, in general, not a hnear basis of the Lie supcralgebra. 
When commuting positive simple root generators with each other one will get, in 
general, new positive root generators. For contragredient Lie super algebras, one 
does only get a finite number of additional positive root generators, and a cor- 
responding number of negative roots. Note that for bosonic simple Lie algebras, 
simplicity of the algebra requires the Cartan matrix to be non-degenerate. We will 
see that this condition of non-degeneracy is not necessary in the case of Lie super- 
algebras. In particular, the important series of ps[(n|n) has a degenerate Cartan- 
matrix. How to precisely construct the additional generators is encoded in the Serre 
relations 



[e+,[e+,[...,[e+,e+}}}} = 0, (2.13) 

where one applies the commutator \Aij \ + 1 times. In the case of simple Lie alge- 
bras, these Serre relations together with the Chevalley-Serre relations completely 
determine the Lie algebra structure. Hence, all information is encoded in the Car- 
tan matrix. For super algebras, however, one usually needs some additional Serre 
relations. We will later spell them out in the case of gl(n|m). 

Let us note that the Cartan Matrix can usually be derived from the inner 
product in the root space. This is also related to the invariant form k. Indeed, if 
Qfi, i = 1, . . .r are the simple roots corresponding to the root generators and 
the root product is denoted by {ai,aj), then the Cartan matrix can be written as 
follows: 

^ (q;^^ .J (a,,a,)^0 

(aj, ai) 

Aij = pl^,ii {ai,ai)=0. (2.14) 

Here, a'- is chosen such that {ai,a'^) is minimal. Note that for simple Lie algebras 
{ai, ai) ^ 0, so one can always normalise the diagonal elements to 2. In this paper, 
we will usually work with the symmetric Cartan matrix, which is simply given by 



Aij = (auaj). 



(2.15) 
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It can be obtained from Aij by multiplication with a diagonal matrix. 

The whole Cartan-Weyl basis, which is a particularly nice form of a linear basis 
of a simple Lie algebra, is parametrised by a set of all roots /3k- To each such 
root belongs a root generator 2:^. if (3i is positive, and a second generator if 
it is negative. Furthermore, there are Cartan generators f)^, which together form 
a vector space dual to the root space, i.e. one has ^pij) = = (/3,7)- The 

number of linearly independent Cartan generators is by definition the rank r of the 
Lie superalgebra, and, upon rescaling, one can obtain the Chevalley-Serre generators 
.^i. For contragredient Lie superalgebras, the root space can be degenerate, but 
nevertheless the Cartan-Weyl basis and the root space are useful concepts there. 

2.1.2. Loop Algebras 

Let g be a Lie superalgebra with a linear basis J" as before. 

The algebra q[u\ is defined as the algebra of polynomials in u with values in g, 
i.e. the elements are linear combinations of the monomials 

X = a=l,...,dim{g), n = 0, ...,oo, (2.16) 

such that the generators of zeroth degree form the basis of the Lie superalgebra g, 
i.e. 3S = r . 

Likewise, we define the loop algebra g[[u,M^^]] to be the algebra of all Laurent 
Series in u with values in g, i.e. it is generated by 

X^w'^-Jg, a = 1, . . . , di77i(g), n = -oo, . . . , oo. (2.17) 

In this paper, we will always work with completed algebras allowing for linear 
combinations of infinitely many generators. 

In terms of the structure constants of the underlying Lie algebra (|2.2p the com- 
mutation relations of the loop and polynomial algebras read 

From this relation it is clear that g[u] is a subalgebra of g[[u,it^^]]. Likewise, one 
can define a closed subalgebra g[u^^]u^^ which consists of generators of purely 
negative degree. 

We also introduce an invariant form on the loop algebra: We extend the bilinear 
invariant form (|2.5|) of the Lie superalgebra g to loop algebras g[[u, u^^]] by putting 

= i?e,,(str(Xa^)) = ^""'S^^-m-i. (2.19) 

It is straightforward to see that this product is again invariant. Furthermore, if one 
considers the generators of g[[M, ■u""'^]] as functions of u with values in g, this inner 
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product can be seen as taking the residue over u. This also means that this product 
splits in such a way that 

(sM-flN) = 0, 
{Q[u-~^]u~\g[u-^]u-^) =0, 

{3[u],g[u-']u-^) ^0. (2.20) 

This way of sphtting the loop algebra will be important for the construction of the 
classical r-matrix. 

Note that if we want to describe the loop algebra by roots, we can take the 
set of roots /3i of the underlying Lie superalgebra, and add one imaginary root S. 
If, as before, one introduces a Chevalley-Serre basis for the Lie superalgebra, i.e. 
generators Sji, (Bf and €~, then the generators C^^. and correspond to the roots 
ai + kS and —ai + kS, respectively. Likewise, one can add kS to the Cartan generators 
S)i, denoting them by S)i^k- We will refer to all Sji^k as Cartan generators, as they 
commute with each other. However, as they are now related to the imaginary root 
vector 6, S^i^u are sometimes called imaginary roots in the literature. 

Finally, we would like to mention that loop algebras have a central extension and 
an external derivation, leading to the definition of affine Kac-Moody algebras. We 
will not deal with these extensions in this paper. However, it is interesting to note 
that the mathematics leading to this central extension, as well as the structure of the 
derivation, is quite similar to the central extension of the simple Lie superalgebras 
ps[(n|n) to s[(n|n), which we will discuss in section [2.3.31 

2.1.3. Lie Bialgebras 

A Lie bialgebra g is a Lie superalgebra with an additional structure (5 : g ^ g A g 
called the cobracket, which has to satisfy the so-called cocycle condition 

= [(5^,/} + (2.21) 

and is skew-symmetric as well as linear. Here, by [^3°,^''} we mean the adjoint 
action of on JJ", i.e. [SZ" ,2^} = [^3° , 5'' (X" 1 + 1 18) 5''} • The cocycle condition just 
means that the cobracket acts as a derivation on the Lie bracket. Furthermore, the 
skew-symmetric, or anti-supersymmetric tensor product is defined as 

y ^T®Z''- (-l)!'^!!''!^'' ® y, (2.22) 
i.e. in case both generators are fermionic, the tensor product is in fact symmetric. 

The cobracket will become the coproduct upon quantisation, i.e. the structure 
equipping Hopf algebras with an action on tensor products of representations. Fur- 
thermore, the cobracket is the dual to the normal Lie bracket on the dual Lie 
algebra. That is, if, as before, /"^c are the structure constants of the Lie algebra, 
and the cobracket has structure constants ^ab^ , i-e. 
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<5(r) =7ah^r®3', (2.23) 
then the dual Lie superalgebra Q* with generators 3a has commutations relations 

[da,Zb} =7ab''Zc, (2.24) 

The dual basis is fixed by the usual requirement (3a; S*") = S^- Then this means 
that the structure constants of the commutator of the dual q* are the same as the 
structure constants of the cobracket of g. Likewise, g* can also be promoted to a 
Lie bialgebra with the cobracket 

diSc)^-r''cda^Zb. (2.25) 
As we assume the existence of an non-degenerate form k"^ we just have 

3a = Kabf, (2.26) 

with Kabl^^" = ^a- 

Quasitrieingular Lie bialgebras 

In this paper we are only interested in a particular subclass of bialgebras, namely 
those where the cobracket is generated by an r-matrix. These Lie bialgebras are 
called coboundary. 

A classical r-matrix r is an element in g (g) g such that 

6{r) = [r,r}. (2.27) 

For generic r the above equation defines a cobracket precisely if ri2 + r2i and 
[?'i2, ''is] + [?'i2, ''23] + [''13 J ''23] are invariant under the adjoint action of g. Here, we 
introduced the notation rki which means that the first tensor factor in r lives in 
the fc'th tensor product under consideration, and the; second in the Z'th. That is, if 
r = J2i ® ^ii for some elements aj, hi of the Lie algebra, then r2i = hi ® Ui. If 
one is working on higher tensor products one should think of the missing coefiicients 
as identities, i.e. ri2 = J2i cii^bi^l if we consider triple tensor products. 

Now in what follows we want to consider r-matrices which satisfy the classical 
Yang-Baxter equation 

[ri2,ri3] + [ri2, rsa] + [rig, rza] = 0. (2.28) 

If the classical Yang-Baxter equation holds we call the Lie bialgebra quasi- 
triangular. 

Before proceeding, let us look at the example of the polynomial algebra q[u]. 
Then one can see that 
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r= , (2.29) 

Ml — U2 

with t = Kab^"' (Si 3^ being the quadratic Casimir acting on the tensor product, is a 
classical r- matrix, even though it is not an element of q[u\ g[u\. To show this we 
note that 



(2.30) 

Likewise, [i23,ii2 + ^13] = 0. 
But then 

r tl2 ti3 J ^ ^ ti3 t23 , 



Ui - U2 Ui - Us Ui - U3 U2 - U3 

1 1 1 



[tl2,t 



23J 



1*2 - Ml til - U3 Ui - M3 M3 - U2 
tl2 ^23 1 



(2.31) 

Ul -U2 U2- U3 

SO the classical Yang-Baxter equation holds. Note that the polynomial algebra acts 
on different tensor factors with a different spectral parameter Ui. As p.29p is itself 
not an element of q[u\ ® q[u\, it is henceforth more natural to consider it as an 
r-matrix of the loop algebra q\\u, u^^]]. We will investigate this in the next section. 
Here, we would like to mention that (|2.29p still defines a consistent cobracket on 
q[u] via (|2.27p . which is given by 

fe-i 

KTk) = [Zl,r} = ^Y.^cdri^ZU^i- (2.32) 
/=o 

Mathematically, one is interested in classifying the solutions to the classical Yang- 
Baxter equation. Indeed, the r-matrix is in fact the simplest solution of the 
classical Yang-Baxter equation in the case where r is a rational function of two 
spectral parameters ui and U2- Other cases involve spectral parameters which are 
periodic or elliptic functions of the spectral parameter. If the underlying Lie algebra 
is simple, the solution to the classical Yang-Baxter equation have been classified in 

m- 

2.1.4. The Classical Double 

Given a Lie bialgebra q with structure constants /"''c, lab'^ as before, the classical 
double is a construction to automatically obtain a quasitriangular Lie bialgebra. 
Indeed, if 5" is a basis of g, and 3a is its dual basis in g*, then the double of g is 
the vector space ^'(g) = g + 0* with the classical r-matrix 
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r := 



E 



T^Za- (2.33) 



By plugging this formula into p.27|) one can see that this r-matrix equips the double 
with a cobracket such that, if we restrict to the subspace Q C g + g* , we recover the 
initial bialgebra structure defined by the structure constants f^^c, lah'- Likewise, g* 
is embedded into T>(^g) provided that one swaps the tensor factors of the cobracket. 
Furthermore, the Yang-Baxter equation automatically holds for r-matrices of the 
form (j2.33p . As the r-matrix is embedded into T>(^g) ® I'(g) as 

re0(»0*, (2.34) 

we can also consider r as the trivial operator mapping g to g. Let us see how this 
construction works for the case where g equals the polynomial algebra g\u\. We have 
established the invariant product in the loop algebra [2.191 and can clearly see that 
generators with negative degree are paired with non-negative degree generators. 
Indeed, the dual generator for Zni " > is -3a,-n-i = i^ahZ^-n-i-, so the loop algebra 
g[[w, u~^\\ can be seen as a double of the polynomial algebra g\u\. Furthermore, the 
classical r-matrix is given by 

oo dim{g) 

r=-J2Yl Tn®Za,-n-l- (2.35) 
n— a— 1 

Taking into account that 5° = ^"-3", we get 

r = yu^r<E>u^"-^Za^ . (2.36) 

Hence we have derived the classical r-matrix for the polynomial and loop algebras 
introduced before. As it appeared via the construction of the double, it automati- 
cally satisfies the classical Yang-Baxter equation, confirming the explicit calculation 

ma- 

An often overlooked fact in the literature is the fact that there is an ambiguity 
how to construct the loop algebra as a double from the polynomial algebra. Indeed, 
one could equally well define the double of g[M~^]u~^, which would yield the classical 
r-matrix 

oo dim{g) 

^ = E E 3-„-i^X- (2.37) 

n— a— 1 

On evaluation representations, (|2.37p would be completely equivalent to (|2.35p . 
Indeed, both choices differ just by the invariant element 
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oo (iim(g) 

J2 E ^-n-l'^Ta- (2.38) 
n— — oo a—1 

The classical double construction is well-known to lead to a quasi-triangular Lie 
bialgebra. However, in physics one would like to have a unitary r-matrix, which, at 
the classical level means that 

r{ui - U2) = ~r{u2 ~ ui). (2.39) 

This is realised on representations for both choices (I2.35P and (I2.37p . as the invariant 
element evaluates to 0. One can construct a unitary r-matrix, i.e. where the classical 
r-niatrix satisfies 

7-21 = -ri2, (2.40) 
by choosing the antisymmetric combination 

00 dim{Q) 

^ = 2^ ^ a^«-iAa^ (2.41) 

71—0 a—1 

This r-matrix will still define a Lie bialgebra, but not satisfy the classical Yang- 
Baxter equation. However, it automatically guarantees unitarity on representations. 
The analogous case of the Yangian will be discussed in section 12.2.51 

2.2. Yangians 

The Yangian 3^(0) based on a Lie superalgebra g is a deformation of the polynomial 
algebra q[u], or, more precisely, a deformation of the universal enveloping algebra 
of qI'u]- It is a Quantum Group, by which we mean a quasitriangular Hopf Algebra. 
Hopf Algebras are appearing naturally in many areas of physics, in particular, in 
integrable systems. They equip a symmetry algebra with additional structures such 
as the coproduct, which defines the action of the symmetry generators on multipar- 
ticle states. Furthermore, they usually posses an antipode, which is often associated 
with antiparticle representations. As the coproduct and antipode are rather trivial 
for ordinary Lie superalgebras, Hopf algebras are not widely studied for systems 
with only Lie algebra symmetry. The situation changes for most integrable models 
in two dimensions, which often have a more complicated symmetry structure than 
just Lie algebras and are indeed often Quantum Groups. Quasitriangularity means 
that the Hopf algebra is equipped with a universal R-matrix TZ. Such an R-matrix 
can often be used to define an integrable model by means of the RTT formalism, 
where both R and T here are representations of the same universal R-matrix TZ. Fur- 
thermore, the RTT relations can also be used to define the Yangian (see the review 
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[9 5) on Yangians in this realisation). Indeed, there are several equivalent ways to 
define the Yangian, and it depends on the problem one is studying which approach 
is the best. Universal R-matrices also give rise to S-matrices. Quasitriangularity 
is basically the property which guarantees that the Yang-Baxter equation as well 
as a crossing equation hold. Even though it was known before that S-matrices are 
somehow related to the universal R-matrix, a direct derivation of scattering ma- 
trices just from the universal R-matrix is, to our knowledge, a new application of 
universal R-matrices, and published in the paper [91j and in this paper for the first 
time. 

We begin by giving the definition of Hopf algebras and Quantum Groups in 
section [2. 2. II For further references we refer the reader to the textbooks jl00|102] . 
Then we define the Yangian in the first realisation in section 12.2.21 following [48] , 
and in section [2.2.31 we define the Yangian in Drinfeld's second realisation, follow- 
ing }103j . The references mentioned deal with Yangians of ordinary Lie algebras, 
whereas generalisations of the Yangian to superalgebras have been studied e.g. in 
[1041105] . The second realisation is suitable for the construction of the Yangian 
double, which is a quantisation of the classical double of the polynomial algebra, 
as encountered in section 12.1.41 The Yangian double for simple Lie algebras has 
been worked out in [IS] and was generalised to superalgebras in [106| . We will de- 
velop our own approach to the Yangian double of superalgebras, as published in 
[91| . Only in this approach does the universal R-matrix lead to unitary, crossing 
invariant S-matrices on representations. This is of crucial importance for physical 
applications, and indeed, the resulting R-matrices for su(n) algebras will be shown 
to describe the scattering in su(n) integrable field theories in section 13.11 Further- 
more, the results of [106| are not valid for 5l{n\n), and we are not sure about the 
conventions used in this paper. Hence, we present the results independently of [106] . 

2.2.1. Quantum Groups 

Let us first describe the mathematical notion of what we mean by a Quantum 
Group. We mean a quasi-triangular Hopf-Algebra which possesses a universal R- 
matrix, which satisfy some conditions which imply the Yang-Baxter as well as the 
crossing equations. Let us start by describing a Hopf Algebra. It is, first of all, an 
associative algebra, i.e. a vector space which posses a multiplication, and also an 
identity element. In this paper, we are mainly considering complex algebras, but we 
can also choose to work over the real numbers. It is useful to write the multiplication 
as a map 

(2.42) 

where 2t is the Hopf algebra we are considering. Note that generically the multipli- 
cation map is just defined on the direct product of two copies of the algebra, but we 
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extend it linearly to the tensor product. Then we can write the law of associativity 
as the following commuting diagram: 



210 210 21 



> 2t02l 



21021 



21 



Furthermore, we also define the identity of the algebra as a map 

: C ^ 21, 

such that the following two diagrams commute: 

2tOC 2t02l 



(2.43) 



21 



Co2l 



21 



21 



> 2t02l 



1' 



21 



Defining an associative multiplication and the identity in such way might look more 
complicated than necessary, but the advantage is that it allows one to straightfor- 
wardly define the remaining properties of the Hopf algebra. In particular, a Hopf 
algebra is also a coalgebra, that is a vector space which posses a comultiplication 
map 



A:2l-^2l02t 
which is defined by the commuting diagram 



(2.44) 



2t02t02l ^^^^ 2l02t 

21021 21 
We see that this diagram is identical to the defining diagram of the multiplication 
map yLt, up to the fact that all arrows are reversed. This explains the origin of the 
name coproduct. Likewise, the coalgebra possesses a counit, i.e. a reversed identity, 
or unit map 



e : 21 ^ C, 



(2.45) 
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which is defined via the following commuting diagram: 



21 f- 



21 



21021 



21 



C®21 ( '^"^ 2t(g)2l 



id 



21 



Of course, a Hopf algebra is not merely an algebra and a coalgebra at the same 
time, but all defined structures should be compatible in a certain way. In particular, 
we demand that the coproduct and the counit are algebra homomorphisms, i.e. 
equations like 



A(XSg) = A(X)A(S2)) (2.46) 

hold for all X, 2) G 21. 

Furthermore, a Hopf algebra posses an antipode map 

5 : 21 ^ 2t, (2.47) 
which is an antihomomorphism with respect to the algebra structure, i.e. 



S'(X2)) = (-l)I^II^IS'(Sg)5'(X). (2.48) 

The importance of a coproduct A is the fact that it is usually used to define tensor 
products of representations of 2t, i.e. if 

^1,2 :2t^Snd(Fi,2), (2.49) 

are two representations of 21 on two vector spaces Vi,2, then 21 acts on the tensor 
product Vi (g) V2 as 

7ri0 7r2A(X), (2.50) 

for all 3£ e 21. If one is interested in defining tensor products of more than two 
representation spaces, one can apply the coproduct several times. Coassociativity 
guarantees that the order in which the coproducts are applied does not matter. 

Let us look at one of the simplest examples of a Hopf algebra, the universal en- 
veloping algebra of a Lie superalgebra q. The supercommutator of q is this language 
is simply realised in the usual way, 



[3e,2)} = M^,2))- (-1)1^11^1^2), X), 



(2.51) 
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for all X, SJ) € B as embedded into the enveloping algebra. Likewise, the coproduct 
is realised by 

A3e = X Id + Id O X, (2.52) 

where we have to observe that the tensor product is graded. This means that when 
multiplying two elements Ai ig) Bi and A2 ® B2 in the tensor product, we have to 
observe the rule 

(^1 (E) Bi){A2 (E) B2) - (-1)1^111-^^1^1^2 ® B1B2. (2.53) 

Likewise, as the coproduct enables us to act on tensor products v\®V2, where v\,V2 
are vectors of some unspecified representation space, then we have to observe that 

(X O Id + Id X)(ui V2) = {2ivi) ®V2 + (-l)l^ll''ilui O {Xv2). (2.54) 

An equivalent way to realise the presence of fermions, which is sometimes more 

advantageous for implementation on a computer, is to work with the usual tensor 
product, i.e. (^1 ® Bi){A2 ® B2) = A1A2 ® B1B2, and instead introducing the 
Fermi operator 

J-X7-= (-l)l^l3e, (2.55) 

i.e. it commutes with all bosonic generators, and one picks up a minus sign when 
commuting it with a fermion. Then the coproduct is realised as 

AX = X®Id + J"l-*l(g)X. (2.56) 

The general rule is that the Fermi operator appears on the left-hand side of a 
fermionic factor in a tensor product. 

The coproduct defines, as mentioned before, the action of the Hopf algebra on 
tensor products of representations. The simple coproduct for the universal envelop- 
ing algebra represents the intuition that a Lie algebra generator acts on a tensor 
product like a sum over the actions on each factor in the tensor product. When we 
have a superalgebra, the grading of the tensor product, or equivalently, the Fermi 
generator, guarantees that we pick up a minus sign whenever we pull one fermion 
over another fermion. 

We finally mention that the antipode for the enveloping algebra is simply given 

by 

SX = -X, (2.57) 

if we work with the graded tensor product. For the corresponding Lie group, this 
means that the antipode maps an element to its inverse. This is related to the 



10, 2012 1:10 WSPC/INSTRUCTION FILE ws-rmp 



Yangians in Integrable Field Theories, Spin Chains and Gauge-String Dualities 27 

fact that the antipode is often used to define antiparticle representations. Let the 
original representation n defining the action of the generators on a vector space 

V correspond to the particle representation. Then the antiparticle representation 
correspond to the dual, or contragredient representation n, which is defined by 
taking a minus sign and supertranspose of the original representation tt. The gen- 
eralisation for Hopf algebras is to define an antiparticle representation by taking 
the supertranspose of the antipode, i.e. 

7f(X) =7r(5(X))'^*. (2.58) 

We will see later that Yangians, which also contain a copy of the universal enveloping 
algebra of the underlying Lie algebra, have a more complicated coproduct, which is 
why wc introduced these structures. Furthermore, for Yangians and other Quantum 
Groups, the important property that = Id, which holds for Lie algebras, is not 
true any longer. 

Quasitriangular Hopf Algebras 

Let us now come to the important concept of a quasi-triangular Hopf algebra. 
This is a Hopf algebra 21, with a universal R-matrix TZ which satisfies the axioms 

(A(g)id)(7e) = 7ei37e23 

(id«) A)(7^) =7^l37^l2, (2.59) 

as well as the property of almost cocommutativity 

A''P{X)n = nA{X). (2.60) 
Here, A°p denotes the opposite coproduct 

A°P = VA. (2.61) 

V is the permutation operator, flipping the two factors of the tensor product. Hence, 
almost cocommutativity is behind the idea that the R-matrix can be used to define 
an S-matrix (scattering matrix) on representations, 

S = Vn, (2.62) 

which maps the tensor product Vi V2 of two representation spaces of the Hopf 
algebra 21 to V2 ® Pi . Indeed, if the Hopf algebra has a generic, complicated coprod- 
uct, it is by no means clear that V\ ® V2 and V2 ® Vi are isomorphic as Hopf algebra 
modules. The S-matrix establishes such isomorphism, hence mathematically, the 
S-matrix is simply an intertwiner of two representation spaces. 

From the quasi-triangularity properties it follows that TZ satisfies the Yang- 
Baxter equation 

'R-23H12.H12 = 7^l27^l37^23 (2.63) 
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as well as the crossing equation 

(S (E)ld){n) =n-\ (2.64) 

Indeed, the Yang-Baxter equation follows from permuting the first two tensor fac- 
tors in the first equation of (|2.59p . 



7^237^l3-(A°^' ®ld)(7^) 
= 7^12(A (g) ld){TZ)TZ^2 = 7^l27^l37^237^^2^■ (2.65) 
Taking 7li2 to the other side, we get 

n23ni3ni2 = 7ei27ei37e23. (2.66) 

Let us also show how the crossing equation follows. The antipode of a Hopf Algebra 
satisfies the equation 

/i(5®ld)A(X)=ry(e(X)),Xe2t, (2.67) 

with e being the counit and rj the unit map, i.e. it maps the complex number 1 to 
the identity element in the Hopf algebra, which we will often just call 1 as well. 
The counit satisfies 



so we have 



{e(g)ld)AX ^ X, (2.68) 



(e®ld(g)Id)(A(g)Id)(7^) = 7^ 
(e ® Id (g) Id)7^l37^23 

{{e(^ld(g)ld)ni3)n. (2.69) 



Hence, 



(e (g Id (g) ld)7^l3 = Id (g Id, (2.70) 
and as the second tensor factor plays no role, we have 



(e g) Id)7^ = Id. (2.71) 

Now we write the R-matrix as some sum over unspecified elements of the algebra, 
7^ = (gra. Then 
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(/Lt(5 «) Id)A(ri)) (g) ra = (?7 (g) Id)(e(ri) (g ra) = r]{l) (g) Id = Id (g) Id 
{li{S g) Id) g) ld)TZi3TZ23 = (Ai g) Id)(5(ri) g) Id g) r2)(Id g) g) r^) 
(5(ri) g) r2){r[ g) r^) = (5 g) Id)(7^)7^. 



(2.72) 



Hence 



(S•g)Id)(7^) =7^-^ 



(2.73) 



2.2.2. Yangians in Drinfeld's first Realisation 

Consider a Lie superalgebra g with basis We introduce an additional set of 
generators Z"", which have the following commutation relations: 



The resulting algebra is infinite dimensional, as the commutator of Z"' with will, 
in general, not be a linear combination of the generators Z"' or Indeed, the 
relation (|2.76l) tells one about the behaviour of the commutators of higher order, 
and is henceforth referred to as a Serre relation for the Yangian. This is in analogy 
to the case of simple Lie algebra, whose full linear basis could be constructed from 
a minimal set of Chevalley-Serre generators by observing compatibility with the 
Serre relations. Note also that to raise or lower indices, we use the bilinear form k 
introduced in p.Sp . which needs to be non-degenerate for these purposes. 

In the important case if the Yangian is of type g[(n|m) there exists an evaluation 
representation such that 



Even though this looks like the loop algebra, or polynomial algebra, we note that 
the coproduct is different. It is given by 



(2.74) 
(2.75) 



(2.76) 



(2.77) 



MT) = 3"® l + lg)^' 




(2.78) 



where t is the quadratic Casimir of the underlying Lie algebra g, defined on the 
tensor product g (g g. Hence, we see that the universal enveloping algebra of g is 
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embedded into the Yangian as a Hopf subalgebra. Furthermore, we recover the 
polynomial algebra in the limit ^ — > 0. In this sense, y{g) is considered as a 
deformation of the universal enveloping algebra of the polynomial algebra q[u\, and 
h is the corresponding deformation parameter. Even though h does not necessarily 
correspond to the Planck constant, such deformation is often referred to as a quan- 
tisation, or a deformation quantisation, li 0, then we can actually scale H away, 
i.e. without loss of generality set to h= 1. 
The Antipode for the Yangian 

The action of the antipode for the Yangian is most easily calculated using Drin- 

feld's first realisation, as we have a general formula for the coproduct in this case, 
valid for any generator j;". We apply the formula 

= fi{s{r) ® 1 + 1 r - h^fs^z' <S) r) 

= sir)+r-h^f^,z'r, (2.79) 

and get 

s{r) = -r + h^fs^z^r. (2.80) 

Note that if the underlying Lie superalgebra is simple, the above formula for the 
antipode can be simplified to 

s{r) = -r + h^cs'', (2.81) 

where c is the eigenvalue of the quadratic Casimir on the adjoint representation. 
This eigenvalue in turn is proportional to the dual Coxeter number. 

2.2.3. Yangians in Drinf eld's second Realisation 

Yangians are particularly interesting as they lead to rational solutions of the Yang- 
Baxter equation. As in the classical case of Lie bialgebras, where we could construct 
a classical r- matrix based on the double of the polynomial algebra which turned 
out to be the loop algebra we will now show that there is a universal 

R-matrix associated to the double of y{Q). As 3^(g) is a quantisation of q[u\, the 
double will be a quantisation of q[[u, u~^\\. 

To write down a universal R-matrix we first need an appropriate linear basis, 
such that for each generator in the Yangian we know its dual generator. Then, 
similarly to the case of the classical double, the universal R-matrix will be the 
canonical element 

7e = ^3e(g)3e*, (2.82) 

where the sum is taken over the whole Yangian with unspecified basis 3£, and its 
corresponding dual basis X* . 
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The first realisation of tire Yangian, as given in the previous section, is not suit- 
able for the construction of the universal R-matrix. This is due to the fact that only 
finitely many generators 3° and are realised explicitly in this basis. The infinitely 
many other generators are in principle constructed by observing the Serre relations, 
but such construction is not possible in an explicit form. This was one of the main 
reasons why a new realisation of the Yangian was given in [103) . This realisation 
defines the Yangian in a Chevalley-Serre type basis, and is called Drinfeld's second 
realisation of the Yangian. This realisation is isomorphic to the realisation given in 
the previous section. 

One introduces generators iOi,„, '^tm S^^, i — 1, . . . ,rank(0) such that again 
the degree zero generators are identified with the generator of the underlying Lie 
superalgebra. With the help of the symmetric Cartan matrix A, the Yangian is 
defined as follows 



Here, the superanticommutator is defined as {A, B] := AB + {—1)'^^^^^^BA. Again, 
as in the case of the Chevalley-Serre basis of Lie superalgebras, one needs to add ex- 
tra Serre relations if we have a proper Lie superalgebra, i.e. with non-zero fermionic 
part. 

The advantage of this presentation of the Yangian is that, unlike in the case of 
the first realisation, we have explicit relations for the generators of arbitrary degree 
3", n > 0. As mentioned before, the generators of degree are identified with the 
generators of the underlying Lie superalgebra q. The generators of degree 1 are in 
principle associated with the generators 5° of the Yangian in the first realisation, 
but not in a direct way. In fact, one derives that to match the defining relations in 
the first realisation one needs the following isomorphism: 




Sym{u} [e-fe^ , [^l^^ , . . . [2:^^^^^ , g-J . . . }} ^ 0, 



nij=l + \Aij\. 



(2.83) 



10, 2012 1:10 WSPC/INSTRUCTION FILE ws-rmp 



32 Fabian Spill 



=hi- v„ = £+ - w„ = - z„ (2.84) 

where 

= -\ Eit^^' "^^l' 4] - ii-^- ^rl- (2-85) 

The sums over /3 goes over all positive roots. 

Note that even though the second realisation explicitly contains generator 
of arbitrary degree, we have not established a full linear basis of the Yangian 
yet. First of all, we need to add root generators corresponding to the non- 
simple roots of the underlying Lie superalgebra. This can be done in a sim- 
ilar fashion as for the underlying Lie algebra, but is still quite non-trivial. 
We give an explicit realisation in the case 3^(s[(n|m)). Furthermore, the Yan- 
gian contains arbitrary powers of the generators, i.e. elements of the form 

i^LkT' ■ ■ ■ C^LkT-i^^Mr' ■ ■ ■ (^^,' • • • (e^^^.r. ah such ele- 
ments form a linear basis provided one avoids double counting. This is guaran- 
teed if one orders the roots, and then sticks to the block form above, which reads 
schematically EHF, i.e. one starts with the ordered positive roots, then the Cartan 
generators and then the ordered negative roots. 



2.2.4. The Yangian Double 

We will now define the double 'Dy{Q) of the Yangian 3^(g), which naturally contains 
a universal R-matrix. We have established the Yangian in Drinfeld's second reali- 
sation, which contains already generators of arbitrary positive degree. We will first 
construct a linear basis of the whole Yangian, and then appropriate dual generators. 
However, unlike in the classical limit, it turns out that the explicit description of 
the dual generators is more involved here. 

First, we note that the generators in the second realisation, iDj,„, ^fn^ '^7,n form 
only a Chevalley-Serre type basis of the Yangian. To get a linear basis, as in the; case 
of the underlying Lie superalgebra, wc have to construct a corresponding Cartan- 
Weyl basis. Indeed, such generators are simply of the form ^, where €^q, 

(£^Q correspond to the generators of g, i.e. ^ is a positive root vector. Unlike for 
Q, for the Yangian one cannot construct them explicitly. However, we know that 
there should be generators of exactly this form as the Yangian is a deformation of 
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the enveloping algebra of q[u\, hence there should be a one-to-one correspondence 
between the appropriate generators. The obstruction can be seen from the defining 
relations (|2.83|) . Unlike for g[u], commutators of generators of degree n and m are 
not of homogeneous degree n+m, but contain generators of lower order. Mathemat- 
ically speaking, the degree n does not provide a grading on the Yangian, but only 
a filtration. If one has a root vector /3 + n5, where 5 is the imaginary root vector, 
then there is not a unique way to construct the corresponding root generator. 

Furthermore, as we know that the classical double of q[u\ is the loop algebra 
it~^]], the double Yangian 2?3^(0) should now also contain generators of the 
form S)i^n, ^i^rai < 0, as well as corresponding Cartan-Weyl generators. Now 
we have two choices: we could simply proceed by setting e.g. to be dual to 
just as in the case of the polynomial algebra. Then one could derive the 
algebra and coalgebra relations from the requirement that dual product imposes a 
non-degenerate invariant form which also respects the algebra and coalgebra rela- 
tions. However, it turns out that then the generators of negative degree would not 
have a nice behaviour, at least for those generators associated with the Cartan sub- 
algebra. Instead, one would like them to be as closely related to the generators of 
the loop algebra. In particular, on representations, one would like to have a simple 
evaluation type representation. So we will follow the approach of [39^ to construct 
the quantum double. Here the generators of negative degree behave similarly to 
the generators of positive degree, but the dual product on the Cartan subalgebra 
is non-trivial. 

The inner product is given by 



(-5,:,fc,%-(-i) = -A,, (^^^ for k>l, (2.86) 

with all other products vanishing. Here, we will not list the coproduct and the 
product relations for the dual generators, as we will not use them. They have the 
same structure as in [lU] . 

To construct the universal R-matrix, one needs to construct a dual basis with 
respect to the inner product. To do this, it is useful to introduce generating functions 
for the generators as follows 



oo — oo 

2- (A) :=EC:7^A-'^-i, ((£-)*(A) := - ^ ^.A^'^-S (2.87) 



k=0 fc=-l 
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^+{\) := 1 + ^i^.^A"'^"', -5r(A) := 1 - ^^.feA-^-i. (2.88) 

A:=0 fc=-l 

The parameter A is the forraal parameter of the generating functions. It should be 
noted that on evaluation representations with spectral parameter u the generating 
function will depend on the difference u — A, so effectively A may be interpreted as 
the spectral parameter. 

The dual of the function 3(Ai) — J2T=a'3k^i''^^ is defined as the function 
3*(A2) = - Efcr-ia*fcA^'=-i such that 

(3(Ai),r(A2)) = -^. (2.89) 
This is equivalent to introducing the generator Jj* dual to Zk in the sense of 



=-4,;. (2.90) 

According to this definition the root generators are already written in terms of a 
dual basis. What remains to be found is the dual basis for the Cartan generators. 
Note that here the superscripts ± indicate the expansion of ^f{X) at A = and 
A = oo respectively. On evaluation representations one finds that {X) and S)~ (X) 
represent formally the same function. Their scalar product is given by [49] 

fa+(A,),^-(A2))^ f + (2.91) 
Ai — A2 — 

It turns out to be useful to consider the formal logarithms \og{Sjf{X)) due to the 
following property 

(log(io+(Ai)),log(io7(A2))) = log^i^^ii^ . (2.92) 

Ai — A2 — 



Therefore, 
d 



log(55+(Ai)),log(io7(A2)) - 



ow. ow, ....y x,-X2 + ^ Ai-A2-4^ 



(2.93) 



If one introduces the shift operator 

T/(A2) = /(A2 + l), (2.94) 
then the above formula may be written as 
/ d 



dXi 



log(i3+(Ai)),log(i37(A2))) = {T-^^"/' - T^^-/2)^A_ . (2.95) 
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This is a matrix equation and to complete the task of the diagonahsation one needs 
to invert the operator 

- . (2.96) 

Note that on evaluation representations T effectively shifts the spectral parame- 
ter U2 due to the aforementioned fact that the Drinfeld currents depend on the 
difference X — u. For the sake of the following discussion it is useful to introduce 
the q-deformed symmetric Cartan matrix, i.e. we replace each number x by its 
q-number 

— 



q-q 1 



(2.97) 



Hence, the q-deformed Cartan matrix takes the following form 

Aiq),,^[ia,,a,)],^'i . (2.98) 

The Dij operator is then related to the q-deformed Cartan matrix through 

= -(Ti/2 - r-i/2)A(Ti/2),j- . (2.99) 



2.2.5. The Universal R-Matrix 

In the previous section we have established the Yangian double I?3^(s[(n|m)) by 
generalising the analysis of [49] for the case of simple Lie algebras. The universal 
R-matrix can now be easily stated with the help of the diagonalised form (|2.95p 
since it is simply the canonical element of the Yangian double, i.e. the sum over 
all elements of the Yangian 3^(s[(n|m)) tensor its appropriate dual. One should 
stress that the Yangian consists not only of the Chevalley-Serre generators (|2.12p 
and their commutators, but also of all monomials of the corresponding generators. 
Schematically, the dual product decomposes as follows: 

{E+HE-, {E+y{H)*{E-)*) ^ {E+, {E+)*) {H, H*) {E' , (S^)*) 

(2.100) 

Here, E^,E^ and H stand for generators of the Yangian corresponding to the 
positive root, negative root or Cartan generators of the underlying Lie algebra, and 
* donates the dual with respect to the inner product. This decomposition works 
as in the case for simple Lie algebras [H]. Hence, the universal R-matrix has the 
quasi-triangular structure 

R = R+RhR-. (2.101) 
The positive and negative root parts are given in terms of ordered products 

R+= Y[ exp(-(-l)l^l^l^l(£+^_,,®e:-_(,^^),), 

I3,k>0 

R = f[ exp(-J-l^l£^^,,®(£+_(,^^),). (2.102) 

l3,k>Q 
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Here, J- is the usual Fermi-number generator. The product is only taken over pos- 
itive roots /3 € sl{n\m). The symbol S denotes the imaginary root. An important 
feature of (|2.102p is that the product in is taken in a specified order, whereas 
for i?_ the reverse ordering is applied. Such ordering can be defined inductively. 
Let two roots 71, 73 be already ordered as 71 < 73. Then we say 71 < 72 < 73 if we 
can write [(£+ , (£+ } ~ (£+ . This procedure for the root ordering was introduced for 
Yangians based on simple Lie algebras in [49]. We also refer to [91] for the explicit 
ordering of roots of s((n|m). 

The Cartan part of the universal R-matrix is the significantly more complicated 

rh - n^^p (e ® (A^Mog(i^7(A2))_ 

(2.103) 

The subscripts t and —{t + 1) denote the respective coefficients of the expansion 
of the generating functions in Ai 3> 1, A2 ^ 1. Tensoring them together is thus 
equivalent to taking the residue at Ai A2. In the case of integer- valued Cartan 
matrices we find that the inverse of the q-Cartan matrix is also q-integer valued up 
to an overall constant q- number [l]q. 

The concrete definition of the inverse D^j^ on the set of functions of the spectral 
parameter determines the scalar part of the R-matrix. According to (|2.99|) . the 
operator D may be expressed solely through the translation operator T, for which 
the action on functions of spectral parameter is well-defined. Clearly, one may define 
D^j^ by expanding it in a power series around either T = or T = 00. It turns out, 
however, that both expansions do not result in the same scalar part Rh- We would 
like to argue that the guiding principle should be unitarity. Indeed, the Yangian 
Double is not triangular, i.e. the equation 

R12R21 = Id (2.104) 

does not hold. Only a balanced expansion in power series in T and will lead 
to unitary dressing factors. It follows immediately from (|2.98l) that A{q^^) = A{q) 
so that the operator Dij defined in (|2.99p satisfies Dij{q) = —Dij{q^^). The same 
must hold for its inverse D^-^{q) thus one may write 

Di,\q)^\{D-l{q)-D-\q-')) . (2.105) 

We propose to expand the first term at g = and the second one at q = co and 
setting q — >■ T^/"^ in the expansions. Subsequently, the principal branch of the square 
root should be applied. We conjecture that the resulting R-matrix contains a unitary 
dressing factor satisfying the corresponding crossing equation. Moreover, in all cases 
studied in what follows the dressing factor found in this way is a meromorphic 
function up to a square root of a CDD factor. This suggest that this may be a 
general feature of this procedure. Please note also that analytic properties of a 
given solution to crossing and unitarity equations are dictated by the concrete 
physical model and cannot be determined with help of the universal R-matrix. 
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Generic Cartan matrices of superalgebras, in particular those corresponding to 
the g[(ri|n) algebra where the external u(l) automorphism is rescaled and shifted by 
the identity, have non-integer elements and the aforementioned prescription needs 
to be applied. Integer-valued Cartan matrices allow for further simplification since 
there exists a matrix C{q) 

A{q)C{q) = [l]gld, (2.106) 

such that its elements are polynomials in q and g~^. Here, I is assumed to take 
minimal value for which such C{q) exists. The inverse of (|2.99|) may now be written 
as 

D-' = c(T'^")j^^m^rjv2- (2-107) 

When expanded in the vicinity of T = oo^^, one finds 
= 

n exp (± (^l^igtlM] ^ (c, (TV2)log(i3-(A, ±ik + 1/2)0 



(2.108) 



For sl{n) algebras / — n and the above formulae reduce to the one proposed in [49] . 
The scalar part leading to a unitary dressing factor may be formally written as 




Rh = \— (2.109) 



This formula, however, remains also valid for the supersymmetric counterpart 
s\.{n\m) with I = n — m and n ^ m. Clearly, the case of n = m is special and 
the definition of C{q) becomes redundant for non-canonical choice of the extension 
parameters. Thus the matrix C{q) is convenient for classification purposes only, but 
becomes ill-defined in the general case of real- valued Cartan matrices. 



2.3. sl{n\m) Lie Superalgebras and their Extensions 

Of particular importance for the physics we are dealing with in this paper are Lie 
superalgebras of type s[(n|m) or g[(n|m), as well as their real forms. This series 
includes the Lie algebras of type s[(n) in the special case s[(n|0). We will define 
sl(n|m) for n 7^ m in section [2.3. 1[ and treat the special case n = m separately 
in section 12.3.21 Due to its importance for later applications in physics, and as it 
has some remarkable mathematical features, we devote the additional section [5331 
to the study of the centrally extended ps[(2|2) k C"^ algebra. We refer the reader 
to the references |98I99| for the general theory of Lie superalgebras, and [107] for 
background on the centrally extended ps[(2|2) k C'^ algebra. 
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2.3.1. s((n|m) 

Let us give the definition of Lie superalgebras of type gl(n|m) in terms of their n+m 
dimensional fundamental representation. The representation space is spanned by n 
bosons and m fermions 

10'^), a = l,...n, 

\ip"), a = l,...m. (2.110) 

They can be written as n + m dimensional column vectors such that is the 
vector with a 1 in the a'th row and otherwise, whereas has a 1 in the n + a'th 
row. 

We will generally denote bosons by lower case Latin characters a,b,c, . . . , and 
fermionic indices by Greek characters a, ^, 7, For some purposes we will com- 
bine the bosonic and fermionic indices into upper case Latin characters I, J, ... . Us- 
ing those indices, Ql{n\m) is simply the Lie algebra consisting of all (n+m) x (ji+m) 
dimensional matrices, where a useful base is given by the matrices 

Eij, I,J=l,...,n + m, (2.111) 

which have a 1 at the J'th row and the /'th column and otherwise. Furthermore, 
the generators Ejj, I,J < n as well as Ejj, I,J > n arc bosonic, whereas 
Ejj, I < n,J > n and Ejj, J < n,I > n are fermionic. We will use the 
notation \IJ\ = 0, 1 to characterise whether Eu is bosonic or fermionic. Hence, the 
commutation relations read 

[Eij, Ekl} = SjkEil - {-lf'^^''''\SiLEjK. (2.112) 
The non-degenerate bilinear form in this basis is simply given by 

(Eij, Ekl) = sti{EijEKL) = 6jk stv{EiL) = SjKSiLi-l)'- (2.113) 
Then, the quadratic Casimir is given by 

n+m n+m n n+m n+m 

C= J2 h'^)^^^EijEjj = J2 Y^EjjEjj- J2 E EijEji. (2.114) 

I,J=1 7=1 7=1 7=1 J=n+1 

On the tensor product, this Casimir 

n+m 

t= J2 (-1)'-^'^7J«>-Ej7 (2.115) 

7,J=1 

will reduce to the graded permutation operator V. It is often useful to write the 
matrices oi Ql{n\m) in the following block form: 



(2.116) 
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Here, DV^b forms a basis of fll(n), forms a basis of 0[(m), and i3"a and are 
fermionic generators forming n x m or m x n bfocks, respectively. The advantage 
of this notation is that we have clearly separated bosons and fermions. Latin and 
Greek indices indicate the action on bosons or fermions of the basis (|2.110|) . and in 
matrix form, a generator X^y means that the appropriate generator has a 1 in the 
cc'th column and the y'th row of the appropriate bosonic or fermionic block. For 
instance, fH°b has a 1 in the element where column a and row b intersect, and 
otherwise. Hence, the translation to the indices /, J used above is given by 

a = I forl</<n 
a + n = I foi n < I < n + m. (2.117) 

A basis for the n + m dimensional representation space (|2.110p is then given by 
vectors , I — 1, . . .n + m, with 

= (!)'', I = a, 
V'=ij°', I^a + n. (2.118) 

The degree of an index is denoted by |/|, so the short-hand notation of the degree 
of a generator Ejj, which was denoted by \IJ\, translates to \IJ\ = \I\ + \ J\. 

In the a, a convention it is manifest that the fermionic generators i3"a, 
form fundamental and antifundamental representations of the bosonic gl{n) and 
g[(m) subalgebras. This is realised by the natural commutation relations 

[D\\,&%]=S',&%. (2.119) 
The standard Ql{n) and g[(m) commutation relations are given by 

£-^5] = <5^£^ - (2.120) 

Of course, these are special cases of (|2.112l) with ?7i = or rt = 0, respectively. 
Another advantage of dividing the generators into blocks is that their action on 
the fundamental representation (|2.110p is realised in a canonical fashion. The non- 
vanishing actions are given by 



(2.121) 
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The quadratic Casimir in this reahsation is given by 



(2.122) 



It is important to note that the algebras Ql{n\m) are not simple. This can be easily 
seen, as they have a central element 



(2.123) 



In the case n ^ m, one can factor it out by removing all matrices with non-vanishing 
supertrace 



str 



R S 
Q L 



tr(i?) - tr{L) = 0. 



(2.124) 



As all the diagonal elements 9^°a, ^"a introduced earlier have supertrace 1 or — 1, 
we change their fundamental representation towards 



/O ... ... \ 

1 



V: 



and likewise 



/O ... ... \ 



£a 
a — 



1 

m 



/I ... \ 



/I 

■■. 



1/ 



(2.125) 



v 



(2.126) 



1/ 



As before, and are written as mxm or nxn matrices, which are understood 
to be embedded block-wise into the superalgebra, and no summation convention 
was used. Using the basis vectors as before, we get 



1 



(2.127) 



Note that those shifts do not alter the sl(n) or s((to) commutation relations (|2.120p . 
However, the action on the fermions is slightly modified, we now get 
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n 

G%] = 8l<5% - (2.128) 

This does not mean that the fermions form a different representation with re- 
spect to the bosonic subalgebras than before. Indeed, as we have imposed the con- 
straint X^a^^a ~ 0' So ■^"a = 0, it is morc natural to consider n — 1 indepen- 
dent generators ^""a — 9^°+^a+i, a — 1, . . .n — 1, and hkewise £"q. — 
a — 1, ... m — 1. These combinations are supertraceless even in the original g[(n|m) 
basis, and we will later use them for the Chevalley-Serre basis. 

Demanding that the supertrace vanishes removes only one diagonal generator 
from g[(n|rn), but now we have imposed two constraints reducing gl(n) and g[(m) 
to sl(n) and s[(to), respectively. Hence a{{n\m) contains one more u(l) generator C 
Indeed, if we commute two fermions, we get 



{£}"a, e'p} = <5^£% + + S^6'S. (2.129) 

Here, we have put 



n 

e:|i/,") = i-l^;"). (2.130) 

m 

To go from gl(n\m) to 5l(n\m) in the Ejj basis we can simply set 



Eij ^ Eij SuYEkk- (2.131) 

n — m ^ — ' 

K 

Note that this removes only exactly one u(l) generator. However, the simple bosonic 
s[(n) and s{{m) subalgebras are not manifestly realised, as the bosonic blocks are 
not traceless. Only the supertrace over the whole space vanishes. Also, this shift 
apparently does not work for n = m. Indeed, this is not an artefact of the basis, 
but reminiscent of the fact that sl{n\n) is indeed mathematically different from the 
general series gl{n\m). We will treat this case separately in the next subsection. For 
now, we would like to give a choice of the Chevalley-Serre basis. We will work with 
the distinguished Dynkin diagram of figure [1] 

Then the corresponding symmetric Cartan matrix reads 
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1 n-1 n n+1 n+m-1 

o o^o o 

Fig. 1. The distinguished Dynkin diagram oi sl{n\m). 



/2 -1 ... \ 
-12-1...: 

... ■■■ -1 

: ... -1 2 -1 

... -1 1 ... 

1-2 1 ... 

1 -2 1 ... 

: ■■• 1 

V ... 1-2/ 



This defines the commutation relation (|2.12l) of the generators Sji, (Bj and 2;^", 
where / = l,...,n + m— 1. In this distinguished basis, the roots €^ and 2;~ are 
fermionic, and all other generators are bosonic. To make contact with our previously 
used bases we see that a choice for such Chevalley-Serre basis is given by 



Sji = Eij ~ Ei+ij+i, l<I<n 

= En^n + £'n+l,ri+l, 

S)j = —El J + £'/+ij+i, n < I < n + m 

e+ = Eij+,, 

ej = Ei+ij, 1<I <n 

£7 = ^Ej^ij, n < I < n + m. 

(2.133) 

Note that in this basis is left invariant by the shift p.l31|) . Put differently, all 
Chevalley-Serre generators already have vanishing supertrace. Indeed, building a 
complete linear basis by commuting the simple root generators, one always gets 
the algebra sl(n|m), as the supercommutator of generators with vanishing super- 
trace again has vanishing supertrace. In the case n ^ m, the remaining generator 
I — Ej j turning sl{n\m) into gl{n\m) is hence just a trivial u(l) charge not con- 
nected in any sense to the other sl{n\m) generators. This also means this u(l) charge 
has vanishing Killing form with each of the other generators oi sl{n\m). Indeed, the 
derived algebra of s[(n|TO) is again s[(n|r7i), i.e. [sl{n\m) , sl{n\m)} — sl{n\m). Hence, 
for each S sl{n\m), we can find some Z^,Z'^ S sl{n\m) such that [5^,5^} — Z^- 
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Then we have for the KiUing form 

(aM) = = (a^ [aM}) = o. (2.134) 

It follows that g[(n|m) is a trivial central extension of the simple Lie superalgebra 
sl{n\m), just as in the case of the (non-super) Lie algebras Ql{n), which are trivial 
central extensions of s[(n). Again we emphasise that for n = m the situation will 
be different, and we will investigate this case in the next section. 

Let us, for completeness, also spell out the Chevalley-Serre generators in the 
basis *n''6,Q"a, 6^/3- We put 



i3„ = + £\ + 

(£+=9^"a+i, l<a<n, 

^i+„ = -C"a+i, l<a<m, 
€- = l<a<n, 

— 



l<a<m, 



(2.135) 



2.3.2. 5l{n\n) 

Within the family of Lie superalgebras s((n|m), the case n = to is special in several 
aspects. The u(l) generator £, as introduced in (|2.129p . becomes central, as can be 
seen directly from the representation (|2.130p . This means that removing generators 
with non-vanishing supertrace from Ql(n\m) is not sufficient to obtain a simple Lie 
superalgebra. Put differently, s[(n|n) is the only subseries of the special linear su- 
peralgebras s[(n|TO) where the identity matrix is part of the algebra and is identical 
to £. To obtain a simple Lie superalgebra we project the identity out and consider 



psl{n\n) = sl{n\n) / <€> . (2.136) 

Let us stress the important fact that the central charge we projected out is a 
nontrivial central charge, i.e. sl{n\n) is a non-trivial central extension of ps((n|n). 
This is different e.g. to the case of Ql{n), which is a trivial central extension of sl{n). 
Indeed, this means we cannot find a basis such that £ decouples from the other 
generators, i.e. does not appear on the right-hand side of Lie brackets of sl{n\n) 
generators. Phrased differently, if we think of ps[(rt|7i) as a subalgebra of s[(n|n), we 
have [p5l(n|n),ps[(n|n)] = sl{n\n) as sets. Irreducible highest weight representation 
are specified by the eigenvalues of the Cartan generators, or the Dynkin labels. The 



10, 2012 1:10 WSPC/INSTRUCTION FILE ws-rmp 



44 Fabian Spill 

generator £ can have, in general, arbitrary eigenvalues, whereas the eigenvalues of 
the other Cartan generators belonging to the two sl(n) subalgebras are restricted 
to be integers. However, in the important case of atypical or short representations, 
to which the fundamental representation belongs, the eigenvalue of € is constrained 
by the eigenvalues of the other Cartan generators. 

Note that for p5l{n\n) there is no 2ri-dimensional fundamental representation. 
This can be understood as follows: All 2n x 2n-dimensional supermatrices, i.e. 
0[(n|n), have 2n Cartan generators, which correspond to the 2n diagonal matrix 
elements. Imposing the two conditions of factoring out the identity as well as de- 
manding vanishing supcrtracc leaves one with the 2 x (n — 1) Cartan generators of 
the two bosonic subalgebras sl{n). However, when commuting a positive fermionic 
root generator with its dual negative root, one will always end up with a gener- 
ator which is not a direct sum of the Cartan generators of the sl(n)'s. One can 
also explain the lack of existence of the fundamental representation for ps[(r?,|n) by 
considering the above mentioned constraint for the Dynkin lables on the fundamen- 
tal representation of sl{n\n), which implies that the central element has a non-zero 
eigenvalue, and can henceforth not be dropped. Hence, for psl(n|ri), it is often useful 
to work with projective representations, which are obtained from representations 
of sl{n\n) such that each matrix is just defined modulo the central element. 

We can write the partition of Ql{n\n) into its simple part psl{n\n) and two u(l) 
charges as 



gl{n\n) = u(l) k ps[(n|n) k u(1), (2.137) 

where At<B indicates a non-direct product such that B is an ideal in AkB. The u(l) 
on the right-hand side corresponds to the central charge £, which completes psi(n|n) 
to sl{n\n). Furthermore, the u(l) on the left-hand corresponds to the generator 
which is removed by requiring the vanishing of the supertrace. It acts as an cixternal 
derivation on sl{n\n), and will be denoted by ^2n-The action on the remaining 
Chevalley-Serre generators is given as follows: 

[^2n,^j] = 0, 

[^2n,<&j] = [^2n,dj]=0, j n. (2.138) 

Due to this diagonal action it can henceforth be considered as an additional Cartan 
generator. In the literature, this generator is somctimcis called outer automorphism, 
as each derivation of a Lie superalgcbra also defines an automorphism via the ad- 
joint action of its exponential. Note that as any multiple of f)2n can be used to define 
an automorphism, we have a one dimensional vector space of external derivations, 
and a one-parameter family of external automorphisms. This is in contrast with all 
other series of simple Lie superalgebras, which have only a discrete set of external 
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automorphisms . 



Another curious point to note is that for the simple algebra ps[(n|n) the defini- 
tion of its rank is somewhat ambiguous. Indeed, the Chevalley-Serre basis consists 
of 3 X {2n + 1) — 1 generators, as (|2.135|) for generic s((n|m), but as mentioned, 
with € ^ 0. This constraint removes one Cartan generator, but one is stiU left 
with 2n + 1 positive and 2n + 1 negative simple root generators. Furthermore, a 
consequence is that the Cartan matrix is degenerate for ps[(n|n), but also for the 
central extension sl{n\n). However, if one extends the algebra further to Ql{n\n), 
one obtains an extended Cartan-matrix 



^fli("l") = 



/ 2 -1 

-12-10 ... 

■■■ ■■■ -1 



Vo 



: ... -1 2 -1 '•• ... 

... -1 1 



. .. 1-2 1 ... 

... 1 -2 1 ■•• : 

. .. 1 -2 

1 0/ 



(2.139) 



This matrix describes the action of a generalised Chevalley-Serre basis which in- 
cludes the generators oi sl{n\n) and the additional Cartan generator F)2n, defined 
via p.l38p . It is non-degenerate. 

As f)2n does not appear on the right-hand side of any commutator of generators 
of gl{n\n), one is free to rescale Sj2n by a constant /i, without changing the structure 
of the algebra. The only difference will be that the commutators with £„, 5^„, which 
now read 



[-52n,5«] = -M^n. (2.140) 

Furthermore, one can add a multiple of the central element to f)2m as this will 
not change any commutators at all. The shifted and rescaled generator Sj2n is then 
represented by 
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2n 



A 



2n 



(2.141) 



\/=l / = Tl+l / 1=1 

The rescaling and the shift modify the Cartan matrix, which now reads 



/ 2 -1 



Vo 



-1 















-1 













-1 


2 


-1 














-1 





1 







• A* 






1 


-2 


1 


. 


. 









1 


-2 


1 





. .. 1 -2 

fi XfiJ 



(2.142) 



2.3.3. ps[(2|2) K 

As we have seen in the last section, \)sl{n\n) is a special series of Lie superalgebras 
in the sense that it allows for a non-trivial central extension, and also has a con- 
tinuous one-parameter family of outer automorphism. The case n = 2 is even more 
special, as it allows for in total three non-trivial central charges, as well as three 
independent outer automorphisms forming an s[(2) algebra. This feature crucially 
modifies the representation theory and allows physical models with such symmetry 
to have special features. In particular, we will see in chapter [S] that all three ad- 
ditional central charges are required in the AdS/CFT correspondence, so that the 
central charge corresponding to energy eigenvalues can have non-trivial values on 
representations. 

In this chapter we only want to describe the mathematical features of the cen- 
trally extended ps[(2|2) k C^. We start by describing the s[(2) outer automorphism, 
which will, upon application on ps[(2|2), automatically lead to the central extension. 

Using the same conventions as in the previous two sections, ps[(2|2) consists of 
two s[(2)'s generated by DV^b and -2"^, with all indices running from 1 to 2 now. The 
indices at the fermionic generators &°'a,Q°'a are arranged, as before, in such a way 
that they transform in fundamental and antifundamental representation of the two 
bosonic subalgebras. As these are now simply s[(2) algebras, the fundamental and 
antifundamental representation are actually isomorphic. It is convenient to raise all 
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indices of the fermions, and combine the fermions corresponding to positive roots 
with the negative roots into one doublet 0"^'^ as follows: 

0a/31 ^ gaCj^/S^^ Qa/32 ^ g/37ga^ ^ (2.143) 

Hence, the new index c = 1, 2 appears in a similar fashion as the Latin and Greek 
indices. These did correspond to representation indices of the sl(2) algebras gen- 
erated by and Interestingly, one can define 3 external generators 03" b: 
o, b = 1, 2, with ®\ + 25^2 = 0, which act on ps[(2|2) as follows: 

[05%, = =0. (2.144) 

Here, we combined the supercharges 6°^ into one doublet of generators. In- 
deed, one can convince oneself that the 58°t,'s generate an s[(2) algebra 

[^\,Wo]^Sl^%-6^Wb- (2.145) 
The global transformations they generate are given by 

0"/32 ^ cO"'^! + dQ"/^^, (2.146) 

with four complex numbers a, 6, c, d which, for compatibility with the commutation 
relations, have to satisfy the condition 

ad-bc^l. (2.147) 

Then, all previous ps((2|2) relations are satisfied as before, apart from the appear- 
ance of three additional charges which are central with respect to ps((2|2): 

|0ll2^0222|^_g.2 (2.148) 

We can combine the full commutation relations for all fermionic generators as 

O^'^''} = e°''e"Te°''£^T, + e°=e"''e°''5n^ + e"''e"^e»'£^ (2.149) 
If we denote the three independent central charges £, *P, M., such that 

= -£^2 = = fp, = (2.150) 

we see that £ appears precisely in the way as in (|2.129p . € is central as for all Ql{n\n), 
but the crucial difference in the case n 2 is that it is accompanied by 2 further 
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central charges. Likewise, the generator *B^i is quite similar to the generator Jo2n 
introduces for Ql{n\n), but again accompanied by two further external derivations. 
Note that if one would set^ = A — 0, and does not consider the action of *8^2 and 
*B^i, then one would indeed recover the algebra g[(2|2). However, if one considers 
the fully centrally extended algebra psl(2|2) k C^, then it is quite clear that the 
s[(2) automorphisms Q3°(, cannot act on the fundamental representation. This is 
because Q3°[, act on the central charges as 

[^\,e,]^di€\^s",eb, (2.151) 

which can be derived from consistency with the commutation relations (|2.144p . 
Note that the same consistency requires the eigenvalues of the central charges to 
be related to the parameters of the s[(2) rotations as 

ad + bc 
2 

= cd. (2.152) 

Furthermore, the fundamental representation of the fermionic generators needs to 
be modified to 

SM^") = ce-'e^^lij^), = dS^ir)- (2.153) 

As the automorphisms do not act on the bosonic part of the theory, their action 
remains unchanged. For completeness we give their representation: 

m\m = st\r)~\s^bm, i^-p\^^) = s;\r)-ls$\r)- (2.154) 

Note that for generic parameters a, 6, c, d, the fundamental representation does not 
allow for a triangular decomposition, which means that there is no basis such that 
the positive (negative) roots can be represented in the upper (lower) triangular 
block. The fundamental representation is also not of highest weight type. Instead, 
it is a cyclical representation. 

For some purposes, it is useful to consider the maximally extended algebra 

s[(2) K ps[(2|2) K C^ (2.155) 

where indeed s[(2) acts as an outer automorphism on the ideal ps[(2|2) k C'^. The 
problem of considering this big algebra is that the sl(2) automorphism cannot be 
represented on the four dimensional fundamental representation, and it is hence of 
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limited interest for the applications dealt with in this paper. The automorphisms 
are also not compatible with many other finite-dimensional representations. How- 
ever, the physics of the AdS/CFT correspondence requires the existence of the 
central charges. This renders the invariant form to be degenerate, for the same 
reason as sl{n\n) has a degenerate form. For generic n we only have one central 
charge, and the degeneracy could be lifted by considering the extension by the sole 
external derivation giving the algebra gl(n|n). It is easy to see that extending 
ps[(2|2) K C'^ to s[(2) K ps[(2|2) k C'^ lifts this degeneracy, but also obstructs the 
construction of representations. This is a certain dilemma, as e.g. the construction 
of the R-matrix for the corresponding Yangian, as done in section 12.2.31 requires 
the existence of a non-degenerate form, whereas physics needs representations. We 
will overcome this dilemma, at least for the classical r-matrix, in section 15.1.31 

2.4. Yangian of sl{n\Tn) 

As we have seen in section I2.2.2[ the Yangian in Drinfeld's first realisation can 
be defined for any Lie superalgebra with non-degenerate invariant bilinear form. 
Hence, we can straightforwardly use the definitions (|2.74l) for the case of the simple 
Lie superalgebras ps[(n|rn), but also their extension g((n|m). This will be discussed 
in section [2.4.2l As we will see, this is also true when n = m, as well as for the case of 
sl(2) K ps[(2|2) K C'^. However, we recall that sl{n\n) and psl(2|2) ix do not posses 
a non-degenerate form. Consequently, the s[(2) automorphisms are necessary to de- 
fine a consistent Yangian structure. This is potentially problematic, as the automor- 
phisms are, in most cases, incompatible with the ps[(2|2) ix representations. If the 
automorphisms would appear in the coproduct of the 3^(ps[(2|2) k C^) generators, it 
could indeed be problematic to define tensor products of 3^(ps[(2|2) k C^). However, 
it turns out that the automorphisms do not appear explicitly in the coproducts of 
3^(ps[(2|2) K C^). Hence, one can define tensor products of >'(ps[(2|2) k C^), de- 
spite the fact that the automorphisms cannot be represented on most representation 
spaces of psl(2|2) k C'^. Furthermore, it is consistent to define the Yangian oisi{n\n) 
and ps[(2|2) k in Drinfeld's second realisation, the particular case of psl(2|2) k C'^ 
will be investigated in section [2.4.41 with the results mainly based on [92]. Before 
introducing the Yangian, we will briefly discuss its classical counterpart, the Lie 
bialgebra structure corresponding to the loop algebra of Ql{n\m), in section [2.4.11 
Section [2.4.3l deals with the evaluation of the universal R-matrix on the fundamental 
representation of the Yangian of g[(n|m), as investigated in pT) . 

2.4.1. The Lie Bialgebra o/g[(n|m) 

Before coming to the actual Yangian, let us briefly state the classical Lie bialgebra 
of gl{n\m), or, rather, of g[(n|m)[['u, If we use the basis generators Ejj, as 

introduced in (|2.112[) . then the classical r-matrix, derived from the classical double 
construction as shown in section 12.1.41 reads 
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r = 5:(-l)^i?.,,. ® = ' = (2.156) 

The resulting cobrackets of the generators i?j/,fc of the polynomial algebra read 
explicitly 

fe-i 

5{EKL,k) = {i-l f^EKj,i+k ® EjL,-i-i) (2.157) 

Hence, the classical r-matrix is simply the graded permutation operator, divided 
by the difference of the spectral parameters of the associated representation spaces. 
This is in line with the observation that the quadratic Casimir of g[(n|m) reduces to 
the permutation operator on the tensor product of two fundamental representations 
(|2.115l) . For the centrally extended psu(2|2) Ku(l)'^, we are again facing the dilemma 
of having no Casimir. However, the extended algebra s[(2) k psu(2|2) k u(l)"^ has a 
non-degenerate form with associated quadratic Casimir 

t = 5n^®5n^-£"/3®£^a+£2"a®6"„-e"„®£!"a+'B^®G:^+£^®«B^. (2.158) 

Interestingly, the resulting cobrackets of the generators of ps[(2|2) ix C"^, which 
are spelled out in table [l] do not include any automorphism ^'^a- This will be 
crucial when constructing the Yangian of ps[(2|2) k C'^ in section [^.4.41 However, 
the classical r-matrix related to the Casimir (|2.158p . and we will study the solution 
to this problem in section 15.1.31 

2.4.2. yigl{n\m)) 

Let us start by considering the fundamental representation of 0[(n|TO) with generic 
generators Then the corresponding first level Yangian generators are repre- 
sented as 

r = uT, (2.160) 

where u is some complex number called the spectral parameter. As shown in 
|100j . for sl{n) this satisfies all defining relations of the Yangian, whereas for other 
simple Lie algebras such simple evaluation representation does not work. The proof 
carries over to g[(7i|r7i). We have introduced the Yangian as a deformation of the 
polynomial algebra g[u], but from the perspective of the fundamental representation 
there is actually no difference to the Yangian. The crucial difference comes into play 
when considering tensor products. The action on tensor products is given by the 
coproduct (|2.78p . Now, if m labels the spectral parameter corresponding to tensor 
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n-1 



k=0 

n-1 

n— 1 ^ 

n-1 

n—1 ^ 

k^O 

n—1 n—1 

<5(On)"fc = - ^(£fe)"7 A (Qn-l-fc)^6 " ^(^Hfc)^ A (£3n-l-fc)"c 
A:^0 k^O 
n—1 n—1 

- ^ Qik-i A (Q„-fe-i)"fc + ^ e^-^ew^Pfe A (6„„i_fc)^ 

A.— fc^O 
n—1 n—1 

6{e,,)y = + Y,i'^krc A {en^i-kYp + Y^i^kT'^ a (©„_i_fc)% 

n—1 n—1 
+ ^ Cfc A (6n-fc-l)"^ + 5] £"'e/35-*?fe A {Qn-l-kYc (2.159) 

Table 1. Cobrackets of psl(2|2) x C^. 



k=0 



factor i, the coproduct of the Yangian generators in the first reahsation on two 
representation spaces reads 



1 + 1 «) a" 

i + i$5a'^ + ^/,'',;}'0a' 



(2.161) 



(2.162) 



Note that here we put h = 1. Introducing the basic matrices Ejj, as in (|2.112p . and 
using the quadratic Casimir (|2.114l) . we get 
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AEkl ^ Ekl<»1 + 1<S)Ekl + \[Ekl ® l^Y^^-l^'^Eu ® Ejj} 



ij 



Ekl (8) 1 + 1 Ekl + 

\ J2 {i-l)^'^Ei,j ® EjL (-l)l^l+l^^ll^^l)i?,^ « Ei,j) . 

(2.163) 



2 
J 



Note that one can quickly convince oneself that this is a quantisation of the co- 
brackets ([2l^ . i.e. (5 - A - A°P. 

With this information one can already derive the R-matrix on evaluation rep- 
resentations. Indeed, the r-matrix is defined as the intertwiner 

i?A(X) = A°P{X)R (2.164) 

for all generators of the Yangian X. On the fundamental representation we get the 
well-known Yang R-matrix 

7^ = l + V, (2.165) 

Ul - U2 

where V is, as before, the graded permutation operator, which permutes the two 
representations. Note that if m ^ ^, then this quantum R-matrix is expanded as 

n = l + hr, (2.166) 
with the classical r-matrix of ()2.156p . 

Of course, one cannot fix the scalar factor of the R-matrix by solving equa- 
tion (j2.164[) . In this paper, we are mainly interested in a different, more powerful 
approach to obtain R-matrices from Yangians, namely via universal R-matrices, 
as studied in section 12.2.51 . Hence, we should study the fundamental evaluation 
representation of the Yangian in the second realization. Indeed, if we take the 
Chevalley-Serre basis (|2.12p of gl{n\m), and consider the defining relation (|2.83l) . 
we can straightforwardly derive the evaluation representation in this case. Moti- 
vated by the form of the isomorphism between the first and the second realisation 
(|2.84p we make the ansatz 





^i,k = {u - 


Hai)'=i5,,o 














the relation 













(2.167) 



(2.168) 
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Plugging in our ansatz we get 

^ (a, - a,)A,,£+o = ^^„{^,,o, (S+ol- (2-169) 

For 0[(ri|m) this gives us enough conditions to fix ah but one a^. Indeed, if we put 
ai — 1/2, we get 

i 

a, = — , i < n 
2 ~ 

a, = , n<i. (2.170) 

One can check that all other defining relations (|2.83l) are also satisfied with these 
parameters. We have also checked explicitly that the isomorphism (|2.84p is com- 
patible with this choice, up to an overall shift in u. 

2.4.3. The R-matrix on the Fundamental Representation 

In this section we will systematically evaluate the universal R-matrix on the funda- 
mental representation of gl{n\m) and its Yangian in Drinfeld's second realization, 
as studied in the last section. The first step towards the explicit evaluation of the 
Cartan part (|2.103p of the universal R-matrix is to invert the operator D given in 

The factors i?+ and i?_ are fairly easy to evaluate due to the nilpotence of the 
roots 

^ (m+n— 1) (m+n) 

i?+ = n exp(i(-l)l^''l E^J 

k=l " 
i(m+n— l)(m+n) 

n ' (2-171) 



(m+n— 1) (m+n) 

i?_= n exp(i^i^^i£;,- 

n ■ (2-172) 

fc=l ^ ^ 

Here, u = Ui — U2 is the difference of the spectral parameters on both factors of the 
tensor product. The product in _R+, i?_ is taken in a particular order, as defined in 
|91| . On the fundamental representation the individual blocks commute, however. 
Thus what remains is the evaluation of the (j2.103p . Let us first show that the factor 
(|2.103p is convergent. Indeed, each element of Rh — Y\ij{RH)ij is of the form 
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^ an + b an + h + hi-h.j 
(^^)^^- - 11 an + b + h, an + b-h, ' ^^■^^^> 

n— 

Using the following product representation of the Gamma function 

r(z)= lim Le-<i:tUi/k-iosM)jT^_ ./n (2.174) 

one easily finds 

- an + 6 + b + _ r(^)r(^) 

n=0 V a I ^a' 

The matrix p.l03p is diagonal since the Cartan algebra elements are diagonal. 
Using the prescription ()2.105p one finds 

{Rh)ivm = Roiu) - { (2.176) 

— r, n = m. 

The function /i(u) is a simple ratio of trigonometric functions and, as follows from 
the discussion in the following section, may be dropped being solely a CDD factor. 
Surprisingly, this factor coincides for m — with the u{n) dressing factor found in 
[108] . Moreover, for m > and to 7^ n it is identical to the u{N) dressing factor 
with N = n — m. 

Evaluating the remaining elements of Rh and combining them with the formulas 
(I2.17ip and p.l72p one finds the following compact result for the R-matrix 

/ u 1 
R = Roiu) — — + —-V 
\u + 1 u + 1 

(2.177) 

Here, V denotes the graded permutation operator 

rV^ (g> Vj = (-1)I*IIjVj (g) Vi. (2.178) 

The matrix part of this R-matrix is the supersymmetric version of the Yang's R- 
matrix. It does not depend on whether the expansion is taken for T <C 1 or T 3> 1 
in the Cartan part. This is expected, as this is the only solution to the rational 
Yang-Baxter equation on those representation spaces. 

2.4.4. Yangian o/ps[(2|2) K 

The principal definition of the Yangian works for the algebra s[(2) k psu(2|2) k u(l)'^, 
as this has a non-degenerate invariant form. As argued before, we are particularly 
interested in the fundamental evaluation representation, on which the automor- 
phisms do not act. 
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Considering the generic coproduct of a Yangian generator, 

A(5") = 5" ® 1 + 1 5" + ^fbcf ® T, (2.179) 

we notice that in principle the automorphisms can appear on the right-hand side 
even for generators of ps[(2|2) k C"^. This would be a problem as then one could 
not act with this coproduct on a tensor product of two representations, if the 
automorphisms do not act on the individual representations. Luckily, it turns out 
that the automorphisms do not appear on the right-hand side of coproducts of 
ps[(2|2) K C'^ generators. This can be seen by recalling that psu(2|2) k u(1)^ forms 
an ideal in s[(2) k psu(2|2) k u(l)'^. Hence, the non-trivial part of the coproduct 

® 1] = [ip.i(2|2) + ® -t- e:"y ® 'S\,r ® 1] (2.180) 

is also in psu(2|2) k u{1)^ (g) psu(2|2) k u{lf for ah elements J" in psl(2|2) k C^. 

Having established this fact, we indeed find that tensor products of representa- 
tions of psu(2|2) K u(l)'^ can be lifted to representations of the Yangian. 

2.4.5. Drinfeld's Second Realisation of y{psl{2\2) k C^) 

In [92] it was shown that one can also define the Yangian of the centrally extended 
ps[(2|2) K C'^ in a consistent way in Drinfeld's second realisation. This is non- 
trivial, as the generic isomorphism between first and second realisation, valid for 
simple Lie algebras, is not working directly. It is however this realisation which is 
used for the construction of of the universal R-matrix. In this section, we give the 
details of [92] , but also include some new results on how to include one of the outer 
automorphisms into the algebra. Such automorphisms were already necessary to 
be included in the classical r-matrix (see section I5.1.3|) , to lift the degeneracy of 
the invariant form. So one expects that it also plays a role for the quantum R- 
matrix. The first crucial remark is that the second realisation of the Yangian seems 
incompatible with the distinguished Dynkin diagram. Indeed, one can show that 
the some defining relations from (|2.83p . like 

are not possible to satisfy for the fermionic root £^21 one assumes simple evalu- 
ation type representations 

One could cure this problem by allowing for more complicated representations, or 
introduce additional Fermi number generators. We are not sure if such choices are 
particularly natural, and will henceforth work with the fermionic Dynkin diagram. 
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where such problems do not arise. This is probably related to the fact that all simple 
roots are fermionic and hence treated on an equal footing. We note that also the 
Bethe equations of the AdS/CFT correspondence, which derive from the centrally 
extended S- matrix, cannot be written in all Dynkin bases [561, so this might be 
related to the problems we face here. 



Let us introduce the purely fermionic Chevalley-Serre basis. The extended Car- 
tan matrix is given by 



/O 1 \ 

10-1-1 




\0 



'1 
-1 2 



2 
/ 



(2.182) 



and the corresponding Chevalley-Serre generators, satisfying the standard relations 
(|2.12p . are given in terms of the generators used in section [2.3. 3( by 



^1 




+ 2\ 














= m\ - 








= ^^, 








= &\ 








= 0^2, 
















= Q'2, 






^3 









(2.183) 

The fourth Cartan generator can be realised by 

^4 = 9\\+£\~^\, (2.184) 

which would satisfy the standard Chevalley-Serre relations, but does not act on 
the fundamental representation due to the involvement of the automorphism S^i. 
However, note the following observation. If one represents the generator 05^ i as 

'B\^^{Eii+E22-E33-Ei4), (2.185) 

then 5^4 correctly produces the Cartan matrix from the invariant product on the 
fundamental representation, which is given by 

Ay =str(i3,i3j). (2.186) 

However, Sj4 will then not act diagonally on the roots. As *B^i is an external au- 
tomorphism, we might just redefine the abstract action on the roots in such a way 
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that is compatible with (|2.185|) . 

Let us now give the definition of the Yangian in Drinfeld's second realisation. 
For psl(2|2) K C"^, we find that the Chevalley-Serre generators iOi,fc, and 2;^^,, 
where as usual fc = corresponds to the Lie generators (|2.183|) , satisfy the standard 
relations (|2.83|) . However, the isomorphism to the first realisation (|2.84p does not 
exactly the standard form. Instead, the special elements ()2.85|) appearing in (|2.84|) 
need to be modified to 



+£3'i6'2 - O'26'i - ©'2Q'i + ©'iQ'2) + 
^-3 = -^^3,0 + - + £?i£}2 + £'2£'i 

-'Li^i&\ - 5a'26'2 + + ©'2Q'2) - 
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Wl = -^(<Sjo-^2,0 + ■S02,oe^o) + 
W2 = -J(<o^0l,O+-S0l,O<o) + 

^{ifim^2 + ^^20'! + n'2-C'i + £'10^2 + 2G\^) + iejqj, 

^1 = -^('22;o^2.0 +-S02,o£2;o) + 
Z2 = -^(^1,0-^1,0 + ^Ifi^lfi) + 



^3 = -T('S3,o-^X3.0+-S03,oe3,o) 



(2.187) 



Note the appearance of the central charges £, *P, which is certainly not expected 
from the general form (|2.85p . Indeed, the difference to (|2.85p , when naively plugging 
in the generators, is given by 



(Vl)sta„dard ~ Vi = (2.188) 

(W2)standard " ^2 = "^^P-*^. (2-189) 

(f3)sta„dard " ^3 = (2-190) 

(U'2)sta„dard " ^2 = "^©I'P- (2-191) 

(^2)sta„dard " ^2 - -^^l^- (2.192) 



Here, we have labelled the standard special elements appearing in (|2.85p by the 
subscript standard. We can now evaluate these special elements on the fundamental 
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representation, or alternatively make the same ansatz as for s[(n|TO), 



<fc = + <o 



(2.193) 



Then we find the following interesting resuh: 



ai = 0, 
as = 



(2.194) 



That means the spectral parameter corresponding to the second set of Chevalley- 
Serre generators is shifted by the eigenvalue of the central charge £. As £ can have 
continuous values in the centrally extended case, it is not a shift by half- integers, as 
in the case of 0[(n|r7i) studied in section [2.4.2l It is quite interesting that the rapidity, 
which parametrises the momentum, is shifted by the energy. Such combination also 
appears in the all-loop S-matrix, which can be seen as an indication that this S- 
matrix can be derived from a Yangian double. 
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3. Integrable Models 

In this chapter we will review several integrable models. In particular, we will dis- 
cuss relativistic integrable field theories in section [XT] and integrable spin chains in 
section [321 We will focus on discussing models with Yangian symmetries. Indeed, 
we will argue that the Yangian is a central object in the investigation of those theo- 
ries. On the example of the principal chiral field, we will see that the Yangian leads, 
by direct evaluation of the universal R- matrix derived in section [2. 2. 31 to the exact 
S-matrix of this model. This offers a new perspective on the S-matrix formalism in 
integrable models. Previously S-niatrices have usually been obtained by first using 
the invariance with respect to the Lie algebra symmetry, which combined with the 
Yang-Baxter equation yields the matrix structure of the S-matrix. Alternatively to 
the Yang-Baxter equation, one can use Yangians or other Quantum Groups to fix 
the matrix structure of the S-matrix [1091110] . This is because the Yang-Baxter 
equation can be used as a defining relation for the Yangian, as reviewed in |95) . 
The scalar factor of the S-matrix is then fixed by exploiting crossing symmetry, as 
well as imposing unitarity and analyticity. Often, crossing, unitarity and Lie alge- 
bra symmetry are considered as independent concepts, whereas e.g. in |110) it has 
been already pointed out that Quantum Groups can include all those symmetries. 
Our approach goes further, as we show that, in the case that the underlying Quan- 
tum Group is a Yangian, we can reconstruct the full S-matrix including a crossing 
symmetric, unitary prefactor, directly from the universal R-matrix. As we have ex- 
tensively studied the Yangian in the last chapter, the derivation of the S-matrix is 
straightforward. This demonstrates the usefulness of our approach to S-matrices. 

It is well known that there are different links between spin chain models and 
integrable field theories. The existence of the same symmetry in two models can 
be seen as a first evidence for a link of the models. We will not elaborate on the 
details of how integrable field theories arise as limits of spin chains, and refer the 
reader to the review |lllj . In [111) , the same integrable models are discussed as in 
this work, but from the perspective of functional equations rather than the symme- 
try algebras. Interestingly, the techniques used to solve the crossing equations are 
quite similar to the techniques of constructing the universal R-matrix, as studied 
in chapter [2] 

The S-matrices are the fundamental object in constructing the Bethe equations, 
which were proposed in [112] for the Heisenberg Hamiltonian. Bethe equations for 
symmetries of higher rank were investigated in [1131114] . We will discuss the ideas 
of the Bethe ansatz only briefly, and refer the reader to the reviews |51lll5llIB] . 

3.1. Integrable Field Theories 

In this section we would like to discuss some features of integrable relativistic field 
theories in 1 -I- 1 dimensions. A crucial object of these theories is the S-matrix, 
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which can be derived provided some quite general properties hold, namely, if the S- 
matrix is factorisable and satisfies the Yang-Baxter equation, it is crossing invariant 
and it is unitary. These properties are closely related to the abstract algebraic 
properties of quasi-triangular Hopf algebras, which we discussed before. We discuss 
these properties of S- matrices in section 13.1.1 1 A review on integrable field theories 
and their S-matrices can be found in |117j . In section 13.1.21 we introduce another 
important object in integrable models, the Lax connection. Section [3 . 1 .31 deals with 
the Principal Chiral Field, which possesses, at least at the level of the classical 
theory, conserved Yangian chargesja We then reproduce its complete S-matrix by 
exploiting this Yangian symmetrjtj. More information on Yangians in integrable 
field theories can be found in the review [118j . 



3.1.1. The S-matrix of Integrable Field Theories 

Let us investigate a generic field theory defined in 1-|-1 dimensions. It is often useful 
to work with light cone momenta 

Pt =Pt + pI, Pi=P° - P\, (3.1) 

where the index i denotes particle i with mass m^. For simplicity we will take 
all masses to be equal. The light cone momenta can then be written in terms of 
rapidities 9i as 

Pi = me** pi = me~^', (3-2) 

where 0i is a positive (negative) real number if the particle moves in positive (neg- 
ative) direction along the real line. The transformation 

0^ ^ (3.3) 

transforms a particle moving in positive direction to one moving in negative di- 
rection. This can also be seen by expressing the original Lorentzian energy and 
momentum in terms of the rapidity. 

Pi ^^(Pi+Pi) = mcosh(6'i) 

pI ^^{Pi-Pi) = msinh(6',). (3.4) 

Furthermore, 

e.^iTT- e, (3.5) 

leads to a change in sign of the energy, which is why this transformation corresponds 
to an antiparticle transformation. 

^There are actually ambiguities in the classical theory related to the appearance of non-ultra local 
terms. 

''We assume there is no quantum anomaly, as argued in |35I46| 
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We would now like to investigate the scattering of particles. The S-matrix con- 
nects an in-state in the infinite past with an out-state in the infinite future. Scat- 
tering of all incoming particles can only take place if the particle to the furthest on 
the left is the fastest, and the one to the right is the slowest. Hence, we sort our 
in-state as 

\AaAei)AaM---AaJ0n)),r. (3-6) 

such that 

ei>92> ■■■>e„. (3.7) 

Here, \Aai{9i)) denotes a particle of type a,; with rapidity ^J^. The S-matrix is now 
simply the operator 

^:rX" l^'^i (^i) ■ • ■ (^"))» = 1^"™ (^™) • ■ • (^i))ouv (3-8) 

which maps an in-state to an out-state. It depends on the rapidities of the scattered 
particles as well as on the type of particles it scatters. Note that the order of 
rapidities of the particles of the out-state is reversed compared to the in-state, i.e. 

0[<9',<---< 9'^. (3.9) 

Generically, the particle labels ak,bi of the in and out state will correspond to a 
representation of some symmetry algebra, in many cases a simple Lie algebra. The 
classical way to look at it is to say that a particle carries a Lie algebra index, and 
consider the rapidity as something additional, independent from the Lie algebra. 
We would like to advertise that Quantum Groups are a more natural way unifying 
the matrix structure with the rapidity dependence. Indeed, in the case of Yangian 
symmetry, the rapidity 9 is related to the spectral parameter u of the Yangian. 
Hence, one can consider a particle described by a state \Aai{9i)) as living on the 
representation of the Yangian, and the rapidity comes in naturally. 

Before investigating the precise symmetry structures for certain models, let us 
continue with some fairly general arguments for integrable relativistic field theories. 
Consider the total energy and momentum, which in the light cone are just given by 

n 

P\Aa, {9Ma, (^2) . . . Aa^ (0„)) = l^^i (^l)^-^ (^2) ■ • • (0„)) 

fe=l 
n 

P\A^, {9{)Aa, {92)... Aa„ (0„)) - "^S"'' 1^-1 (^1)^-2 (^2) . . . Aa„ (0„)). 

k=l 

(3.10) 

'To be precise, the particle should be represented by a wave packet such that the dominant 
contribution comes from a momentum corresponding to the rapidity 9i. 
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These are of course conserved in a scattering process. We remark that in Hopf 
algebra language this simply means that energy and momentum act with the trivial 
coproduct on multi-particle states. 

In a scattering process, energy and momentum conservation certainly restrict 
the S-matrix, but the effects become much more dramatic if one has an infinite set 
of higher spir0 conserved currents. Consider charges with spin s acting as 

Qs\AaAdi)}^e'''\AaAdi))- (3.11) 

If infinitely many of them are conserved, then the scattering process of n to m 
particles, 

\Aa, i9,)Aa, (9,) ...Aa„ (0„)),„ ^ \A,, {e[)A,, [9'^) . . . A„. (C)).„t, (3.12) 

leads to infinitely many equations 

g.ei + e"^^ + • • • + e'"" = e''^'^ + e< +■■■+ e"'^'^ . (3.13) 

These equations can generally only be satisfied if n = m, i.e no particle production 
or annihilation takes place. Furthermore, the momenta can only be permuted, so 
the set of outgoing equals the set of incoming momenta. This would already greatly 
simplify the S-matrix structure. However, even more is true [40) . As the charges 0s 
roughly act as p'', the action on a particle described by 

/oo 
dpe-'''^P-P^^'+'P^'=-'='\ (3.14) 
-OO 

i.e. a wave packet with momentum centred at pi, is given by 

/oo 
dpe*p'-'''(f-Pi)'+^P(^-^i), (3.15) 
-oo 

so if one expands the argument in the exponent about pi , one gets a shift of xi by 
something depending on pi . As the different incoming particles are assumed to have 
different momenta, we can hence use the higher spin conserved charges to separate 
the n ^ n scattering into 2-^2 particle scattering processed Hence, the n ^ n 
particle S-matrix factorises into a product of 2-particle scattering matrices, i.e. 

S{9i,...,9,,))^\{S{9k,9i). (3.16) 

J Spin refers as usual to representations of the Lorentz group, here in 1 + 1 dimensions. Higher 
spins hence correspond to higher dimensional representations. 

'^In 4l| it was shown that indeed the existence of two conserved charges of higher spin is sufficient 
for the factoristaion, whereas in 1401 infinitely many conserved charges are assumed to exist. 
However, in most known cases, if one has one additional conserved charge, one also finds infinitely 
many others. We believe that the reason for this is that we usually have Quantum Groups like the 
Yangian as the symmetry algebra in integrable models. The corresponding monodromy matrix 
generates both local and non-local conserved charges. The non-local charges are not commuting 
and form a Yangian, and indeed, one extra Yangian charge is usually sufficient to generate, together 
with the underlying Lie algebra, the whole Yangian. 
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Here, the two particle S- matrix S{6k,9i) is understood to act only on particles k 
and I. 

Even more, one can argue that the order of the two particle scattering matrices 
composing the n particle scattering process does not matter. This leads to the 
important Yang-Baxter equation, which is hence a necessary equation to hold for 
the theory to be integrable. 

5(01,02)^(01,^3)5(^2,^3) = 5(02,03)5(01,03)5(01,02). (3.17) 

The Yang-Baxter equation itself just states that the order of the two-particle scat- 
tering processes within a factorised process of scattering three particles does not 
matter. As we will see in the case of the S- matrix of the AdS/CFT correspondence 
in chapter [5l the existence of an S-matrix which satisfies the Yang-Baxter equa- 
tion is often seen as a strong hint for integrability, even though the existence of 
conserved charges at the quantum level was not shown there yet. Indeed, the Yang- 
Baxter equation is not a sufficient condition for the integrability of the theory. This 
is clear if one considers e.g. a theory without flavour, such that the S-matrix is just 
a scalar. This could be for instance 0^ theory in 1 -f 1 dimensions. This theory is 
not integrable. Interestingly, it can be made integrable by adding terms of higher 
order in the field, ultimately leading to the sinh-Gordon theory, see [117) . 

Due to the factorisation property of S-matrices in integrable field theories, one 
of the main remaining problems is to find the two particle S-matrix. In general, if 
we scatter two particles 1 and 2, the S-matrix will depend on the two rapidities 
01,02. This situation is depicted in figure [2j 

As we argued before, we have — p2 and pi = Pa, so the momenta are only 
permuted. However, if we have a relativistic theory, then rclativistic invariance 
implies also that the two particle S-matrix depends only on the difference of the 
two rapidities. Indeed, the S-matrix should depend only on invariant quantities, 
and one can express the invariant Mandelstam variable 

s = (rf+p'2)' (3.18) 

as 

A: = cosh2(0i) - sinh^(0i) + cosh2(02) - sinh2(02) + 
2 cosh(0i) cosh(02) - 2 sinh(0i) sinh(0i) 
= 2-^2cosh(0i-02), 

(3.19) 

i.e. s depends only on = 0i — 02. 

An important issue is that if we apply the S-matrix to a two particle state, where 
the difference of rapidities of the two particles is = 0i — 02 , and then apply the 
S-matrix again, the initial and final states are indistinguishable. As the momenta 
got permuted after the first application of the S-matrix, this means that the second 
S-matrix depends on the relative rapidity — = 02 — 0i. This situation is depicted 
in figure ([3]). 
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In terms of rapidity depending S-niatrices we have 

S{9)S{~9)^U, (3.20) 

or with indices 

siot.tsi-er.iii^s^^s:]. (3.21) 

This property of the S-matrix is called unitarity. 



As this S-niatrix acts like 

it is considered as the forward scattering matrix ai, 02 — >■ 61, 62- If we consider the 
crossed S-matrix ai,bi — &2,a2, we see that the antiparticle 61 has momentum 
—p2- The situation is shown in figure ID 




Fig. 4. The crossed S-matrix. 



The invariant in this channel is the Mandelstam variable 

t ^ (pi - P3f = (pi - P2)^ (3.23) 
which can be expressed in term of the crossed rapidity p.Sp as 

4t = 2 + 2 cosh(i7r - 9). (3.24) 
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We should note that, as after aU both s and t depend only on 6, they are not really 
independent variables. This is of course expected in 1 + 1 dimensions. Cross-channel 
unitarity reads 

Now, crossing invariance precisely means that the t-channel matrix should equal 
the s-channel matrix, i.e. in components we have 

s{iiT~etX^s{e)ii:^\ (3.26) 

This is the crossing equation. 

If one has a relativistic integrable model, one can now use the Yang-Baxter 
equation, combined with crossing and unitarity, to derive the two-particle S-matrix. 
This will generically completely fix the S-matrix up to one undetermined factor 
X{9), which satisfies 

x{e)x{-e) - 1, 
x{e)x{iTi -e) = i. (3.27) 

Such factor is called a CDD factor. It cannot be fixed by the symmetries directly, 
but is instead fixed by assumptions on the pole structure of the S-matrix. Certain 
poles in the S-matrix correspond to bound states of the fundamental particles, so 
knowledge about the particle content of the theory can be used to fix the CDD 
factor. 

Having established the two particle S-matrix, we can compose mult i- particle 
S-matrices of two particle S-matrices using factorizability. Then, one can use the 
Bethe ansatz to diagonalise the scattering process. If we consider the field theory on 
a large cylinder, periodic boundary conditions allow one to solve for the momenta, 
or rapidities. Combined with the dispersion relation, this allows one to find the 
asymtotic energy spectrum of the theory on a large cylinder. 

We would like to comment on this general approach to find the S-matrix for 
integrable models. We have argued that crossing, unitarity and the Yang-Baxter 
equation are quite general features of an S-matrix in integrable field theories. Ad- 
ditionally, the S-matrix should be invariant under the symmetry algebra, which 
is usually just taken to be a Lie algebra. Then, crossing, unitarity and the Yang- 
Baxter equation are somewhat disconnected from the Lie algebra symmetry. We 
would now like to advertise the point of view that quantum groups offer a unified 
approach to S-matrices of integrable field theories. We have seen in section 12.2.11 
that quasi-triangular Hopf algebras automatically lead to S-matrices which satisfy 
crossing and the Yang-Baxter equatior§. In particular, Yangians extend ordinary 

'Unitarity should be related to triangularity. We have given a prescription to yield unitary S- 
matrices from the Yangian Double, despite that it is only quasi-triangular. 



10, 2012 1:10 WSPC/INSTRUCTION FILE ws-rmp 



68 Fabian Spill 



Lie algebra symmetry, and provide rational S-niatrices. Hence, with this logic, all 
we have to do is to show our model has a quantum group symmetry, and all desired 
properties for the S-matrix follow directly. We will follow this logic by studying 
precise examples in section fS.l.Sl for the principal chiral field. 



3.1.2. Lax Connection and Conserved Charges 

Another important concept in integrable models is the Lax pair and the monodromy 
matrix. Indeed, the trace of the monodromy matrix, which is called the transfer 
matrix, is the object which generates all the conserved local charges, rendering a 
model integrable. To start with, the equations of motion of the integrable field 
theory under investigation must have the property that they can be written in 
terms of the fiatness condition for the connection {do + Lq, di + Li), i.e. 

[do + Lo,di+Li]^0 (3.28) 

must imply the equations of motion. The precise form of the Lax matrices Lq,Li 
will depend on the model. Generically, they will depend on a spectral parameter 
A. This will be important, as this means we have a one-parameter family of flat 
connections. 

Let us consider the monodromy matrix associated to the Lax connection. It is 
defined by 

T{t,X) =Vexp(^- Li{x,X)dx^ , (3.29) 
where V is the path-ordering operator. Its time derivative is given by 
dtT{t,X)=dtlimf[il-Li{xk,X)dx) 

k 

r+1 1 



= -lim^ ]^(1 - Li(a;fc, A)da;)5tLi(a;r, A)da; J]^ {I - Li{xk,X)dx) 

r k—n k—r—1 

r+1 

= -lim^ ]^(1 - Li{xk,X)dx){dxLo{xr,X) + [Li{xr, X), LQ{xr, X)])dx 

r k=n 

1 

W {1- Li{xk,X)dx) 



k—r— 1 



= Lo(27r, A) exp ^- Li{y, X)dy^ - exp ^- Li{y, X)dy^ Lo{0, A) 
= [Lo(0,A),r(t,A)]. 

(3.30) 

Here, we have used that the theory is defined on a cylinder with periodicity 27r, 
and suppressed the time dependence for L. As we find that the time derivative of 
T{t, A) is a commutator, this implies that the trace of T{t, A) is time independent. 
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Furthermore, even (?t tr(r"(t. A) = is true. If we expand those quantities in A, 
we get infinitely many conserved charges. The precise form of the expansion will 
influence the nature of the conserved charges. Indeed, a priori it is not clear which 
charges, if any, can be written as integrals of local densities. Such charges were 
used in the arguments to show factorisability of the S-matrix. Indeed, local charges 
can be obtained by expanding about the poles, see |119j . In [35], also non-local 
charges, which are obtained from the expansion about a point traditionally assumed 
to be A = oo, were shown to lead to the absence of particle production and the 
factorisation of the S-matrix. 



3.1.3. Principal Chiral Field 

In this section we study the 1-1-1 dimensional Principal Chiral Field with SU (n) x 
SU{n) symmetry. This is one of the simplest integrable field theories one can write 
down. We will show in particular its relation to the Yangian, culminating in the 
reproduction of the complete S-matrix just from Yangian symmetry. We will only 
work on the level of the classical theory and Poisson brackets, relying on arguments 
already given |35l46j that there will be no quantum anomalies upon quantization. 
The action of the theory is given by 

S* = ^ y" d^xtiiG-^df,G){G-^d''G), (3.31) 

where G takes values in the SU (n) group, and A is a coupling constant, which plays 
no role for the investigation of the classical theory in this section. 

The Principal Chiral Field possesses local as well as non-local conserved charges, 
and the latter form a Yangian. All these charges have been investigated in |120|47j . 
Let us start by describing the usual Noether charges. SU[n) acts globally from the 
left and from the right in the usual way, 

G~>UlGU^\ (3.32) 

with Ul € SU{n)L and Ur € SU{n)ji. This transformation is apparently a sym- 
metry of the Lagrangian, and the corresponding conserved currents are 

A 

= -^G-^d^G. (3.33) 
A 

The conservation equation 

= (3.34) 
implies, as usual, that the associated charges 

/■oo 

OS = / jSix)dx (3.35) 
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are constant in time. Here, we have made the Lie algebra index a explicit. Now one 
can convince oneself that the charge 

j-{x)dx~-r\ ]l{x) fo{y)dydx (3.36) 

-oo <y —oo J —oo 

is also conserved. This follows from the fact that the current satisfies the flatness 
condition 

dp.jy - d^jf, - X[j^,j^] = 0. (3.37) 

Note that the index 0,1 at the currents corresponds to the specification of the 
space-time index /i, whereas the 0, 1 at the charges Q corresponds to a numeration 
of infinitely many such charges. In particular, the charges Qq Poisson commute to 
a su(n) Lie algebra, whereas the charges 0i correspond to the additional Yangian 
generators of 3^(su(n)), as we introduced them in (|2.74p (we ignore complications 
due to the non-ultra local terms as discussed below and in the references |121l 
I122|123|118] . Indeed, it was shown that all defining relations for the Yangian are 
satisfied (see |118j ). Having in mind that the Lie Group acts from the left and the 
right, there are also two corresponding copies of the Yangian. 

The Poisson brackets of the currents |121I122I123) are given by 

Oo(^),Jo(y)} = rto^(^)'5(^-2/), 
m^),Ji{y)} = r'^fiimx -y) + irt(:r - y). (3.38) 

These hold again for left and right SU{n) separately. The derivative of the delta 
function, which renders the Poisson brackets non-ultra local, complicates the inves- 
tigation of the commutation relations. We will not discuss the consequences of these 
terms in detail, as we will now merely state the local conserved charges, but not 
derive their Poisson brackets. Further details can be found in the above mentioned 
references. It is useful to work in light cone coordinates x± — i(t ± x), where the 
flatness condition takes the form 

d-3+=d+j-=-\[j+,j-]- (3.39) 

Then it is easy to see that the non- vanishing components of the energy-momentum 
tensor, 

T±± =-^tr(j±j±), (3.40) 

are conserved: 

9+T__ ^ d-T++ ^ 0. (3.41) 
Furthermore, their powers TJ^^ , which are charges of higher spin, also satisfy 

d+T'l_ = d-Tl^ = (3.42) 

and are hence also conserved. 
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Let us now choose an orthonormal basis of su(n) with respect to the Kilhng 
form, i.e. (3", 5'') = —(5"''. Furthermore, consider the tensors (iai,...,a„ associated to 
Casimir operators C of su{n) via 

C-<,...,a„r^-.-r". (3.43) 

They can be chosen to be totally symmetric. These details can be found in any Lie 
algebra book, see e.g. ^7\. In terms of d invariance of the Casimir means 

4(ai,...,a„_i/a„)6c = 0, (3.44) 

where the brackets () denote symmetrisation of the appropriate indices. 
Then one finds that 

rn 

C±aai,...,a,„J;p Jip ■■■Jz^ OC aaj^...^a^ ^ J-p . . . /fee J=F-^± • ' • -^T 

k=l 

= 0, (3.45) 

using the fiatness condition for the current. 

The corresponding conserved charges are of higher spins, and hence should imply 
the factorisation of the S-matrix. Furthermore, it was shown in |47] that these local 
charges commute with the Yangian charges, and, by taking certain combinations 
of the conserved charges, one could construct a basis of Poisson commuting local 
charges. 

As we have seen in section 13. 1[ if one has established the factorisation of the 
S-matrix, the usual way to derive the S-matrix in a relativistic, integrable quantum 
field theory is solve for the two particle S-matrix. This is usually done by solving 
the Yang-Baxter equation, imposing unitarity as well as crossing invariance. The 
remaining CDD ambiguity is then fixed by investigating the particle content of the 
theory. All these equations are fairly complicated. We will advocate here another 
method to find the S-matrix, as established in our recent work [21] . We learned that 
the principal chiral field is invariant under two copies of the Yangian 3^(su(n)). 
Furthermore, we know that the (double) Yangian is quasi-triangular, i.e. it has 
a universal R-matrix, which, on representation, automatically satisfies the Yang- 
Baxter and crossing equation, and, upon the right choice of the diagonalisation 
of the Cartan part, is also unitary (|2.176p . As an S-matrix satisfying all those 
equations is unique up to a CDD ambiguity, the S-matrix of the principal chiral 
field should be of the form 

S{Q)PCF = XpcF{Q)S{e)yi^,^^^)) ® ^(%(.u(n)), (3.46) 

where S'(0)3;(su(„)) is the 3^(su(n)) invariant S-matrix, coming from a representation 
of the universal R-matrix of sections 12.2.512.431 Xpcp is a CDD factor, which is 
fixed by making the diagonalisation of the Cartan part of the Yangian compatible 
with the particle spectrum of the theory. We recall the result for the y{su{n)) 
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S-matrix in the antisymmetric expansion of the shift operator (j2.176p 

Siu)y(snin)) 



Y(-y—)T(i + r(i^)r(i - itiL) 
\ r(2±u )r(i - r(^i^)r(i + \u + 

\ ^ n—m > ^ n—rn / ^ n—ni ' ^ n—ni ' ^ 



Id+ -V 

u + 1 



(3.47) 



If we put B — 1^ , we recover the precise resuh from |1 24144] , 

sinh(0/2 + f) ^r(i-5^)r(i + ^)^ 



sinh(0/2-f) ^r(i + ^)r(i-^ 

P+ + — -^P" «) P+ + — '-^P' 

2m N J V e-2mN 



(3.48) 



provided that we put the CDD factor to 

XpcF{e) = 1. (3.49) 

Note that, as here the square of the 3^(su(n)) S-matrix is involved, this also resolves 
the square root ambiguity encountered in (|2.176p . Furthermore, we have used the 
operators P^ , P^ projecting on the symmetric and antisymmetric part of the tensor 
products. They are defined as usual by 

P± = i(Id±P). (3.50) 

This S-matrix leads to the Bethe Ansatz equations 

e'P'^'^ = \{Ski{Ok-0i), (3.51) 

l^k 

describing the phase shift of a particle with momentum p^, when it lives on the 
cylinder with radius L together with M — 1 other particles. The intuition is that if 
particle pk goes once around the cylinder, it will scatter the M — 1 other particles 
and acquire a phase shift O/^fc '^'s' (^^fe + ^i) from the scattering, and e^^''^ from 
the free propagation, and the total phase shift should equal one. We will not deal 
with the precise derivation or solution of the Bethe Ansatz in this paper, and refer 
the reader to [42I43|44] for the solution at finite n, and jl25|126j for the solution 
for large n. We also refer to the review |111) . 



Lax connection for the principal chiral field Let us now construct the Lax 
connection for the principal chiral field. We had argued that the current j is flat 
(|3.37p . Let us rescale this current by j for convenience, and write it as a one- form 

3 = jf.dx" = jodt + jidx = fdt - j^dx. (3.52) 

The flatness condition reads 



dj +3 Aj = 0. 



(3.53) 
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Then the Hodge dual is 



*j= jfidx'^ = jidt + jodx 
where we have used the Lorentzian signature (+, — ). It follows that 



(3.54) 



d* j = 



(3.55) 



is equivalent to the equation of motion d^j'^ — 0. 
Then we consider the connection 



L^aj + 13* j, 



(3.56) 



with a, P some constants, and get 

dL + L/\L = dj + a^j A j + 13'^ * j A *j = (a^ - a - A j. 



(3.57) 



As a consequence, the current is flat precisely if 



{a^-a- P^) = 0. 



(3.58) 



This implies that we have constructed a one parameter family of flat connections. A 
parametrisation usually found in the literature is given by introducing a parameter 
u such that 



Then we denote the families by L{u), and construct the monodromies in the same 
way as in 13. 1.21 

3.2. Spin Chain Models 

In this section, we will discuss one of the simplest spin-chain models, a generalisation 
of the Heisenberg XXX spin chain to su(n) symmetry. We give its definition in 
section [3.2.11 In section [3.2.21 we deal with the symmetry of the XXX spin chain, 
and show that the su(n) symmetry is enlarged to a Yangian by using the Yangian 
in Drinfeld's first realisation. The Hamiltonian can also be derived directly from 
the R-matrix via the RTT relations, which makes the symmetries explicit. This 
construction is reviewed in |50lll6j . The definition of Yangians via RTT relations 
is reviewed in [Q^- We discuss the Bethe ansatz for the spin chain in its simple 
coordinate form in section 13.2.31 References on Bethe ansatze can be found in 
[51112711281116] ■ 

3.2.1. XXX Spin Chains 

A spin chain is a one-dimensional lattice of L sites, where at each site one has 
a spin-degree of freedom. In this paper, we will only be interested in closed spin 
chains, i.e. we impose periodic boundary conditions on the lattice. However, it is 
also natural to consider open spin chains. Furthermore, we will deal with spin chains 



a 



-(l±cosh(u)), /3 = - 



sinh(u). 



(3.59) 
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where the spins form a vector space which on which su{n) acts in the fundamental 
representation. Let us denote the basis of the representation space by 

10"), a = l,...n. (3.60) 

The Heisenberg XXX spin chain is given by L such spins interacting with the simple 
nearest neighbour Hamiltonian 

L 

k=l 

Hk,k+1 = ^ — 'Pk,k+1- (3.61) 

For the closed spin chain, the L + I'th site is identified with the first one. The 
permutation operator flips two neighbouring sites, 

r\XY) = \YX). (3.62) 

If one generalises this Hamihonian to superalgebras, one should simply substitute 
the permutation operator with the graded permutation operator, which picks up a 
minus sign whenever two fermions are interchanged. If the constant A is positive, 
the Hamiltonian has a ferromagnetic vacuum, whereas if A is negative, the ground 
state is antiferromagnetic. 

Now as usual in physics the task is to find the eigenvalues of this Hamiltonian. 
Despite the fact that this Hamiltonian is extraordinarily simple, its diagonalisation 
is, for fixed n, but arbitrary L, not straightforward. This is because the Hamiltonian 
as a matrix grows with n^. It is only due to the fact that this Hamiltonian is 
integrable that we can find a more efficient method to diagonalise it, which is the 
Bethe ansatz. Crucial is the existence of higher conserved charges. We will discuss 
non-local charges in the next section. 

3.2.2. The Yangian of the XXX Spin Chain 

The Hamiltonian (|3.61|) is invariant under su(n). We choose the same notation as 
in section 12.31 and note that 

Vk,k+i=J2^iJ^^jt'- (3-63) 
IJ 

Here, Ejj denotes the action of Ejj on the k'th factor of the tensor product, i.e. 



Ejj = Id «) • • • (g) £'/j (g) • • • «) Id 



(3.64) 
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But the action of Eij on the tensor product of L fundamental representations is 
just given by the standard coproduct -^IJ^ ^^'^ S^* 

L L L 

[J] E^j, J2 E'sT ® E'+i) = E i^M{5jsE^r " ^itEIj) ® e!^+' 

k=l 1=1 Lk=l 

+h(i+i)E^ST ® {SjtE'}+' - SisE^y)) 

L 

= Y.^{E^iT ® E!i+/ ~ eIj ® E^+') + eIj ® E'lt' ~ E^^ ® E^^f )) 

fc=i 
= 

(3.65) 

Hence, the Heisenberg XXX Hamiltonian is invariant under the Lie algebra su(n). 
We now proceed to the Yangian, and recall the coproduct of the generators Ek l 
in the first realisation (|2.78p : 

Ai^KL = Ekl + Ekl + ^ [Ekl ®l,^Eij® Eji} 

= Ekl®^ + \®Ekl^\Y^ {Ekj a Ejl) . (3.66) 

We work here on the simplest evaluation representation, namely the one were the 
spectral parameter vanishes, i.e. — 0. Then, the coproduct on the L-times 

tensor product is simply given by 



IJ 

Ekl (8) 1 + 1 «) Ekl + ^ E (^^-^ ® ^ ® ^^J^ 



2 

s=l t=s+l J 



(3.67) 



Taking tensor products of representations does not give information whether the 
chain is closed or open. This is a property of the corresponding Hamiltonian. Let us 
consider for the moment the open chain. Commuting the Yangian generator with 
the Heisenberg Hamiltonian leads to boundary terms. This can be seen from 

]^[V,Ekj hEjL]=EKLMd. (3.68) 
and arguing that the cross-terms cancel out. Then one gets 

L-l L 

[Y.rk,k+i, i^Kj A E'j^)] - E],^ - E^KL- (3.69) 

k s=l t=s+l J 

These terms can be neglected upon working on asymptotic states, as one can inter- 
pret them as discretized total derivatives. Such terms correspond to boundary terms 
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in the dual field theory and are hence expected to vanish. In the case of a finite, 
periodic spin chain the Yangian charges do not commute with the Hamiltonian, 
as the boundary terms will remain. Having established the first Yangian charges, 
one can use them to commute them to the whole Yangian algebra. The monodromy 
matrix is then the formal power series consisting of all Yangian charges. Conversely, 
one can derive the whole Hamiltonian from the transfer matrix. We will not pursue 
this derivation, and refer the reader to the reviews. The transfer matrix and Yan- 
gian are closely related to the algebraic Bethe ansatz. Instead, we will present the 
physical ideas of the coordinate Bethe Ansatz in the next subsection. 

3.2.3. Bethe Ansatz for the su{n) Spin Chain 

We now present the ideas of the coordinate Bethe Ansatz, which is a method to 
calculate the spectrum of the Heisenberg spin chain. The idea is to consider a 
vacuum state, where all the spins at each site point into the same direction. Then 
one excites such vacuum state by hipping a spin, and, by taking linear combinations 
of such states with one spin flipped, one calculates the eigenstate of the Hamiltonian 
and the corresponding energy eigenvalue, which yields the dispersion relation. Such 
an excitation will be called a magnon. Then one goes on and considers several 
magnons and calculates the scattering matrix, which describes the scattering of 
two magnons. As the model is integrable, the S-matrix describing the scattering of 
multiple magnons factorises into the product of two-particle S-matrices, in the same 
way as it was happening for integrable field theories. Finally, imposing appropriate 
boundary conditions for the wave function leads to the Bethe equations, which one 
can solve for the momenta, and, via the dispersion relation, for the energies of the 
magnons. Let us start by describing the vacuum of the spin chain. The ferromagnetic 
vacuum of (|3.6ip with length L is just the state 

|O) = |0",...,0"), (3.70) 

where we have put L (/)"'s into the state. Of course, we could have chosen any 
other of the n 0"s as the ground state. Note also that for our discussions, it does 
not matter whether the constant A in (j3.61l) is positive or not. In the case of an 
antiferromagnetic choice A < 0, (|3.70l) is not a true vacuum of the system, but 
still a suitable state to construct the Bethe Ansatz. One can imagine that one just 
diagonalises the negative Hamiltonian in that case. We now proceed to consider 
states where single sites have a "spin flipped" compared to the vacuum, i.e. at one 
site we have a different vector than (/>". We denote a state where at the k'th site 
we have a vector 0", with a = 1, . . . , n — 1 and 0"'s at the other sites, by 

l</>^) = l<^^...,0^0^0^...,0"). (3.71) 

Such states are not eigenstates of the Hamiltonian. However, direct calculation 
shows that the plane wave 

|0np))=E^^''l<^fc) (3-72) 

k 
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is an eigenstate with the energy 

E{p) = A(2 - 2cos(p)) = 4Asin2(|), (3.73) 

provided the momentum is satisfying the periodicity requirement for a standing 
wave, 

e'P^ = 1. (3.74) 

As we would hke to find ah eigenstates of the Hamihonian, the way to proceed is 
to consider states with two spin flips now. Direct calculations shows that the state 
of two plane waves, 

^g,p,fc+.p./|^a^fc^^ (3.75) 
k,l 

is not an eigenstate of the Hamiltonian. In some sense it is almost an eigenstate, 
up to the terms in the above sum where fc = ^ ± 1 . The idea is to consider a linear 
combination of this plane wave state with two spin flips as above with a plane wave 
state where the two spin flips are exchanged, or scattered. This leads to the ansatz 

\r''(j>uP2)) =Y.^'''''^'''''\^t^i) +^cd(j'^^P^)J^ (3.76) 

k<l k<l 

where 5°|(pi,p2) is the S-matrix. For the above state to be an eigenstate one has 
to put 

Sfd{PuP2) = , - S'^A - \. ■ \- SAc- (3.77) 

Note that (5° (5^ is simply the (n — 1) x (n — 1) dimensional identity matrix, whereas 
5^5^ is the (n — 1) X (n — 1) dimensional permutation operator. 

Furthermore, the energy of this state is simply the sum of the energies of the 
two magnons, 

H|(/."(pi)/(p2)) = {E{vi)^E(j,2))W{vi)^\v2)) 

E{p,)=4Xam^{^). (3.78) 

Let us do introduce the new variable 

u, = icot|. (3.79) 
Then the S-matrix takes the simple rational form 

S(^u, - U2) = ~ (id v) . (3.80) 

Note that this is precisely the S-matrix we derived from y{5u{n — 1)) Yangian 
symmetry (j2.177|) . but here the S-matrix has no complicated scalar prefactor as in 
(|2.177p . This is of course not unexpected. The choice of the vacuum state (|3.70p 
breaks the Lie algebra symmetry from su{n) to su(n— 1). However, we discussed that 
the whole chain has 3^(su(n)) symmetry. Indeed, the vacuum also breaks this higher 
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symmetry to y{su{n— 1)). However, as the eigenstate basis is now basically Fourier 
transformed, i.e. we have momentum eigenstates, the representation of the Yangian 
now contains the evaluation parameter u, which equals precisely (|3.79|) . Henceforth, 
it also automatically satisfies the Yang-Baxter equation, and is furthermore unitary, 
i.e. 

5l2(ui - -U2)52l(u2 - -ui) = Id. (3.81) 

As we have solved the two-magnon problem, we still have to diagonalise all further 
states with more than two magnons. This is where we can use that the system is 
integrable. Indeed, the idea is to start with a plane wave state consisting of AI spin- 
flips with flavour ai, . . . , um propagating with corresponding momenta pi, . . . ,pm, 
and consider linear combinations of such states were the k momenta are permuted. 
The coefficients in those linear combinations are then taken to be S-matrices which 
precisely describe the permutation of the momenta. If one permutes e.g. I of the 
M momenta, the appropriate S-matrix is the I particle S-matrix. This I particle 
S-matrix factorises, by integr ability, into two particle S-matrices. In particular, let 
us denote the M magnon eigenstate by 

|0"^'--""(pi,...,Pm))=E E e^''^-^i)+-+'^f-'^(^'^)5.|0r;,...,0r«). (3.82) 

^ h,---,lk 

Here, 5^ is an S-matrix which realises the permutation tt. If tt is decomposed into 
transpositions 

= («1, jl) . • . (ir, jr), (3.83) 

then 

Stt = ^ijjj . . .Si^j^. (3.84) 

By the Yang-Baxter equation, the particular decomposition of the permutation into 
transpositions does not matter. One can now convince oneself that the states p.82p 
are eigenstates of the Hamiltonian in the infinite length limit, and the eigenvalue 
is again simply the sum of the eigenvalues of the single plane wave states, i.e. 

H\r'-'''"{P1, ■ . ■ ,Pm)) = {E{pi) + ■■■+ E{pM))\r'-''"{pi, ■ . . ,Pm)). (3.85) 

Hence, we have constructed eigenstates of the Hamiltonian for an arbitrary number 
of magnon^. 

As in this work, we are interested with closed spin chains, an important issue 
are boundary conditions. If one has M magnons as before, and we consider the 
scattering of magnon I with all the M — 1 other magnons, we came back to the 
starting position in the periodic chain. Hence, the total phase shift of the magnon 
/ is given by 

M 

n Ski{Pk,Pi)\r"-''"{pi, ■ • . ,Pm)) = e'P^'^\r'-''"{pi, ■ . ■ ,Pm)). (3.86) 

k^l 



We refer the reader to 11291130] for discussions about the completeness of the eigenstates. 
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In the case that the initial spin chain had just su(2) symmetry, the S-matrix just 
has u(l) as residual symmetry, and is hence a scalar, i.e. (I3.80p reduces to 

S{ui - U2) 

If we invert p.79|) . getting 

we can write the Bethe equations as 

\ui-i/2j 

These are algebraic equations for the spectral parameters Uk, which are related to 
the momenta. After solving for the momenta, we get the energy eigenvalues just 
by plugging into the dispersion relation 13.731 If the original symmetry algebra is 
su(n), with n > 2, the idea is to stepwise reduce the rank of the algebra, till one 
arrives at su(2) Bethe equations (|3.89p . We will not study the details of the nested 
Bethe Ansatz in this paper, and refer the reader to the literature |113|114j . 



Ui — U2+ i 



u + i/2 
u-i/2' 



M 

n 



Uk -ui + i' 



(3.87) 



(3.88) 



(3.89) 
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4. The AdS/CFT Correspondence 

The AdS/CFT correspondence, discovered in the late 1990s [13|14|15] . relates, in 
its most general form, conformal field theories in a flat d dimensional space to string 
theory on a ten dimensional space. This ten dimensional space is the direct product 
of a d + 1 dimensional Anti-de Sitter space, denoted by AdSd+i, and a 9 — d dimen- 
sional internal manifold. These theories are dual to each other in the sense that if 
one considers the full theory, one gets field theory in a perturbative expansion of the 
coupling constant, whereas the natural expansion parameter of string theory is the 
inverse coupling. One can consider the field theory as living on the boundary of the 
AdS space. This is why the AdS/CFT correspondence is often seen as a realisation 
of the holographic principle |131ll32j . In this paper we will be only concerned with 
the best tested case of correspondences, namely between Af = A Super Yang-Mills 
theory with SU{N) gauge group in four dimensions and IIB string theory defined 
on an AdS 5 x space. Moreover, we will only deal with the planar, large N limit, 
as the theories seem to become integrable only in this limit. Integrability allows for 
novel all-loop tests of the AdS/CFT correspondence, which indicate that, at least 
in the planar limit, the involved gauge and string theories are physically exactly 
equivalent. This seems rather surprising, as from naively looking at the action and 
the particle content, gauge theory in four and string theory in ten dimensions seem 
to have little in common. However, already in the seventies |8] it was realised that a 
certain expansion of gauge theory, where the expansion parameter involves the cou- 
pling constant as well as the rank of the gauge group, iV, resembles the perturbative 
expansion encountered in string theory. The AdS/CFT correspondence makes such 
relation of gauge and string theories precise and involves a much stronger claim, 
namely, of the exact duality of the involved theories. 

The reason why the AdS/CFT correspondence works well for the case of large 
N AdS^ X is the large amount of supersymmetry and subsequently its inte- 
grability. Classical integrability was argued to exist for the bosonic [30] and the 
full supersymmetric sigma model [29] and on the dual gauge side in [26|28|29) . 
whereas quantum integrability is currently only conjectured. Under this assump- 
tion the exact S-matrix 57 and the asymptotic Bethe [56] and TEA equations 
|76|77|78|79] could be written down. We will discuss the S-matrix in chapter [5l Re- 
cently, Af = 6 Chern-Simons Theory in three dimensions was related to IIA string 
theory on AdSi x CP^ [133] . These theories allow for a planar limit as well. Again, 
there is strong evidence that in the planar limit these theories are exactly equiva- 
lent. This is because there is strong evidence that these theories are also integrable 
|134ll35ll36j . The AdS/CFT correspondence is also used in many other examples. 
One can try to break symmetries and still learn many things about the involved 
theories. As the correspondence is generically a strong/weak duality, AdS/CFT is 
a unique tool which allows to use perturbation theory at one side of the correspon- 
dence to understand the strong coupling behaviour on the other side. This can be 
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useful e.g. when one wants to study quantum gravity and uses field theory to do 
so. Likewise, one might be interested in field theory questions and can use string 
theory via the correspondence. Ultimately, one might be interested in obtaining a 
string theory dual to QCD, but as both supersymmetry and conformal symmetry 
are broken, and QCD contains additional fundamental fermions, this might still be 
a long way to go. 

We begin this chapter by stating some features of string theory on AdSs x in 
section Em and continue in section |4?2] to introduce the dual gauge theory. Section 
14.31 shows how integrable structures appear in the AdS/CFT correspondence. 

As in this section we do not present new results, we refer the reader to the 
reviews |137|9j for some background on the AdS/CFT correspondence, and |138|139| 
I140|9j for some general background on string theory. Integrability in the AdS / CFT 
correspondence has been reviewed in |24I141I142|143|1TT| 

4.1. String theory on AdS^ X 

String theory on AdS^ x has 2 independent parameters: The string slope a', 
which is related to the tension T = of an individual string, and the string 

coupling gs, which controls the interaction of several strings with each other. The 
relation with the joint radius R of AdS^ and is given by — AirggNa'"^ . N is 
an integer which will turn out to be identical to the rank of the gauge group of the 
dual gauge theory. On the string side, it is related to the flux of the five form field. 
We are interested in a limit where — ?> 0, so the strings are not interacting. To 
keep the radius finite we will send N ^ oo, such that 



remains finite. A will correspond to the 't Hooft coupling on the gauge theory side, 
and the limit is called the 't Hooft, or planar limit. 

In the 't Hooft limit string theory is described by a non-linear sigma model |16] . 
The bosonic part of the action takes the usual form 



It describes the embedding of a world-sheet cylinder with radius 2tt and metric 7"'' 
into the AdS^ x target space with metric Gmn- The radius R of the Anti de- 
Sitter space is the same as the radius of the sphere, which is required for consistency 
upon adding the fermionic part to the action. In general, a d dimensional sphere 
can be written as a coset 



(4.1) 




(4.2) 



SO{d + l) 
SO{d) 



(4.3) 
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whereas a d dimensional AdS space is considered to be the coset 

SO{d- 1,2) 

Written in this way the global symmetry algebras are manifestly given to be so(d+l) 
in the case S'^, and so{d— 1, 2) for AdSd- As the bosonic part of the AdS5 x sigma 
model is a direct product space of and ^^5*5 , the bosonic symmetry algebra of 
AdSs X is just the direct sum so(4, 2)0so(6). Using the well-known isomorphisms 

so(4,2) ?^su(2,2), so(6)=su(4), (4.5) 

the elements of so(4, 2) ® so(6) = su(4) 0su(2, 2) can be though of in block form as 



Bi 
B2 



(4.6) 



with Bi € su(4), and B2 G su(2, 2). Now there is a unique simple Lie superalgebra 
which has su(4) ©su(2,2) as the bosonic subalgebra. It is the algebra psu(2,2|4), 
which is a real form of ps[(4|4), i.e. part of the algebras p5l{n\n) we have studied 
in section [^31 If we consider (|4.6I) . then getting psu(2,2|4) is quite natural if we 
think of filling the zero-blocks in (|4.6|) with as many fermionic elements as possible. 
Recall that on the fundamental representation the anticommutator of fermions will 
automatically lead to a central extension, i.e. to the algebra su(2,2|4), just as we 
have discussed in l2.3.2l We will briefly discuss the supersymmetric extension of the 
action in section 14.3.11 but will first proceed by introducing the dual gauge theory 
in the next section. 



4.2. Af — 4 Super Yang-Mills Theory 

The other side of the AdS / CFT correspondence is J\f — 4 Super Yang-Mills theory, 
which is the four dimensional supersymmetric Yang-Mills theory with SU{N) gauge 
group and maximal supersymmetry. The Lagrangian is given by 

L = tr + ^D^rO^cl,,, - \glj,,\r.'r\\<i>n, <^™] + 

(4.7) 

All fields transform in the adjoint of the SU{N) gauge group. Let us describe the 
fundamental fields appearing in the Lagrangian. First of all, we have the gauge field 
A^, with fi — 0,1,2,3 being the usual Lorentz index. The gauge field appears in the 
Lagrangian in form of the usual gauge invariant objects, the covariant derivative 



Df^^ dfj.- igvAiAf^, 

as well as the field strength 



(4.8) 
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i^^" = [D^,D,] = d^A, - d,A^ - igYM[A^,A,]. (4.9) 

gvM 

Furthermore, the Lagrangian contams 6 scalar fields n — 1, . . . , 6, which trans- 
forni in the fundamental representation of so (6). so (6) is called the R-symmetry. 
Finally, there are the fermionic fields -ipaa , ip% which transform both under the R 
and Lorentz symmetries. The Greek indices a, a run from 1 to 2 and correspond to 
the usual splitting of the complexified Lorentz algebra 

so(l,3) =su(2)®su(2), (4.10) 

which is due to the fact that the Lorentz algebra is not simple. We will not make 
explicit use of the reality conditions in this paper, and hence refer from now on 
to the complexified algebra as 5u(2). Then a, a correspond to the 2 dimensional 
representations of the two su(2)'s. The indices a,b — 1,...,4, correspond to the 
spinor representation of the so (6) R-symmetry, which makes use of the isomorphism 

so(6)=su(4). (4.11) 

The matrices u"^ and u^'^ are the chiral gamma matrices of su(4) and su(2) ®su(2), 
respectively. They allow one to write e.g. a Lorentz 4-vector in terms of the 
left/right su(2)'s, i.e. 

ydfi ^ erf v. (4.12) 

The way the Lagrangian is written shows that the so(l, 3) Lorentz symmetry as well 
as the so (6) R-symmetry are manifest. Let us briefly describe our notations for the 
whole symmetry algebra. We will work with the isomorphisms to the appropriate 
su(n) algebras, so we denote a basis of the R-symmetry by 

ml a,6 = l,...,4, (4.13) 
which satisfy the usual su(4) relations 

[mlmt] = slmi-stml (4.i4) 

just as outlined in section 12.31 for the general case sl{n\m). As before, we have 
traceless matrices, which implies ^ CH'^a ~ 0. The Lorentz generators are split into 
two sets of su(2) generators denoted by 



4: a,/3 = l,2, 



(4.15) 
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which again satisfy the usual su(2) relations. Note that for each of the su(2) alge- 
bras, we again impose the trace condition, e.g. J2a ■^a ~ -^d = 0- 

Let us comment on the further symmetries. First of all, the bosonic symmetry 
is enhanced. Indeed, the Lorentz algebra is enlarged to the Poincare algebra, as 
expected. Furthermore, it was argued in [144] that the theory is conformal even in 
the quantum case, and the beta function vanishes exactly. The conformal algebra 
in four dimensions is 



so(2,4). (4.16) 

The additional generator of so(2, 4), which are not in so(l, 3), are the 4 translation 
generators the special conformal generators .S^, and the dilatation generator 
2). Again, we will often make use of the isomorphism so(2,4) — su(2,2), and we 
will rewrite the Lorentz indices in the same way as in (j4.12p . Then the commutator 
of translation and boost reads 



[A'^^^^s] = <5f + S^i^^s + 5^4^ (4-17) 

Furthermore, the theory is supersymmetric and contains four sets of supercharges. 
We will denote the supercharges by O!' Qda, ©"a and 6°", with the same indices 
as before. The indices manifestly realise the action of the bosonic generators. The 
nontrivial commutation relations are given by 

[6''",*p^^] = 5jQ%, [J?"^£3M = 5^&^^, (4.18) 



1 

— (_ 
2 

1 



Here, we have introduced the central charge £, and together with all the other 
generators we get the algebra 



psu(2, 2|4) K u(l) = su(2, 2|4). (4.19) 
The superconformal algebra 

psu(2,2|4) (4.20) 

is obtained by projecting out £. It is a real form of the simple Lie superalgebra 
ps[(4|4), and the corresponding series of Lie superalgebras were discussed in section 
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12.3.21 We should note that the existence of supersymmetry of the theory is crucial 
for the persistence of conformal symmetry at the quantum level. 

Now, we would briefly like to comment on the 't Hooft limit of this gauge theory. 
Usually, one fixes the rank N of the gauge group, and remains with the coupling 
constant gvAi as the only free parameter in the theory. The idea of [8^ was to 
consider iV as a parameter of the gauge theory. Physical quantities in perturbation 
theory can be expanded in a double series in gyM and jj . Then, one can introduce 
a new, effective coupling constant 

A = gl,,N, (4.21) 

and take a limit N ^ oo and gvM — ^ such that A is fixed. In this limit only 
planar Feynman diagrams contribute to physical quantities, and hence, the theory 
dramatically simplifies. 

4.3. Integrability in AdS/CFT 

In this section we study how integrability appears in the AdS/CFT correspondence. 
Section |4 . 3 . 1 1 deals with the classical integrability of the string sigma model, which 
is shown via the existence of a Lax connection. In M — A Super Yang-Mills theory, 
integrability appears in the action of the dilatation operator on single trace local 
operators. This is explored in section 14.3.21 

4.3.1. Integrability of the AdS Sigma Model 

Consider now an element G of the supergroup S'/7(2,2|4). Then we can construct 
a one-form 

A = -G-^dG, (4.22) 
which takes values in su(2, 2|4). It satisfies the flatness condition 

df,A, - d,A^ - [A^, A,] - 0, (4.23) 

similarly as for the 5u(n) principal chiral field p.l.3p . However, the action we con- 
struct now is different, and is written down by exploiting the Z4 automorphism of 
su(2,2|4). This automorphism imposes a grading, 

su(2, 2|4) ^ su(2, 2|4)(°) + su(2, 2|4)(i) + su(2, 2|4)(2) + su(2, 2|4)(3) (4.24) 

on 5u(2, 2 1 4), so we can write each element as a direct sum over the graded compo- 
nents. In particular, we can write the one-form A as 
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A = +^(2) ^^(3)^ (4 25) 

Then we define the action on the supersymmetric coset 



PS'J7(2,2|4) 
SO{5) X SO{A, 1) 



(4.26) 



as 

i?2 



5 = -- 



Ana' 



(7"'' str(42)Ajf^) + Kc'^^ stiiAi'^Af)) . (4.27) 



Note that the Z4 respects the supersymmetric grading, i.e. the zeroth and second 
components are bosonic, whereas the first and third component are fermionic. As 
one can check that su(2,2|4)(°) = so(4, 1) ©so(5), the component A^^^ does not 
appear in the action. This is in line with the intuition that in the coset (j4.26p . 
5*0(5) X 50(4, 1) is cancelled out. 

Let us summarise some features of this action. First of all, one can explicitly con- 
struct conserved Noether currents, and show that the corresponding charges form 
an su(2,2|4) algebra. Then, one has a reparametrisation invariance of the world- 
sheet cylinder, which ultimately leads to the Virasoro constraints. Furthermore, 
one has a peculiar fermionic symmetry called kappa-symmetry, which fixes the real 
parameter k appearing in (j4.27p to be k = ±1, and, most importantly, reduces 
the number of fermionic degrees of freedom by one half. Finally, the Lagrangian is 
classically integrable. A Lax connections was constructed in [29] 

L{z) = + i^d) + i(z2 + 1)^(2) + -1(^2 _ i_ ) ^ ^(2) ^ ^^(3) (4 28) 
z 2 z"^ 2k z^ 

and shown to satisfy the flatness condition 



9„L^-a^L„ = [La,L^]. (4.29) 

We have used the two dimensional Hodge operator *. Note that this equation holds 
only if kappa symmetry holds, i.e. k = ±1. Hence, it seems Kappa symmetry is 
crucial for the integrability of the model. The flatness conditions implies that the 
trace of the monodromy around the closed string 



T(r, A) = T'exp l^-y LiiT,a,z)daj (4.30) 

is conserved, just as we discussed for general integrable field theories in section [5.1.2l 
However, it remains to be shown that those conserved charges are in involution. 
This was done in [145] . where it was conjectured that the Lax connections requires 
the following modification: 
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L{z) ^ L{z) + -^{1 - z4)(C(°) + z-^Cf") + z-iC(3)). (4.31) 
2v A 

Here, C'-'^^ are secondary constraints in the Haniiltonian analysis. We also refer the 
reader to [146] . where this Lax connection was derived. 

The Poisson structure, resulting from the extended Lax connection where the 
constraints are not imposed, is nontrivial, containing non-local terms, similar as 
in the case of the principal chiral field. We believe that much work remains to be 
done in this line, to fully uncover the algebraic structure underlying the AdS/CFT 
system. In particular, no proper quantisation of the sigma model and the charges 
has been done yet, so a proof of quantum integrability remains to be found. Let us 
spell out the Poisson brackets, which have been found in 1145] : 



{ii((Ti,Zi),ii(CT2,Z2)} = [rj;2(zi,Z2),Ll(CTi,Zi)](5(cri - CT2) 

+ [r^2i^i, Z2), L2{cri, Z2)]S{ai - (T2) - (»'^2(^i: ^2) - r^2i^i^ ^2))dcrJ{ai - a2). 

(4.32) 

Here, the classical r-matrix is given by 

-i^(-i^-^) = E ^ Z/g-.^ - (4.33) 



and 



■r{2\z\-,Z2) = — ^-3-ri2(zi, Z2), 

r^2'KZuZ2)^ ^^r2i{zx,Z2). (4.34) 

51 is the Z4 automorphism of psu(2, 2|4) introduced before in connection with the 
grading of psu(2,2|4). This means ri2(zi,Z2) here is a twisted r-matrix. It is not 
directly related to the classical r-matrix with centrally extended psu(2|2) k u(l)'^ 
invariance discussed in section [5.1.31 which is related to the weak/strong coupling 
limit of the scattering matrix. Here, the r-matrix generates the Poisson structure 
(j4.32p . Nevertheless, there is a remarkable similarity of the algebraic structure. 
Using this Poisson structure it was shown in 145 that the conserved charges (|4.30p 
are in involution. This implies that the classical sigma model is integrable. Note 
that this classical r-matrix also has a nice abstract algebraic formulation in terms of 
a Lie dialgebra |147) , in a similar way as the classical r-matrix of the psu(2|2) k u(l)'^ 
scattering problem has an underlying universal r-matrix (see section [5.1.3p related 
to a Lie bialgebra. 
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4.3.2. Integrability in Af — A Super Yang-Mills Theory 

We have established that the classical string sigma model, describing the motion of 
strings on an AdS^ x backgrounds, is integrable. As the sigma-model is defined 
on a two dimensional world-sheet cylinder, we can consider the AdS^ x sigma 
model as a generalisation of other two-dimensional integrable field theories. We 
learned that Af — -i Super Yang-Mills theory in the large A'' limit is dual to the 
AdS^ X string sigma model. If we assume integrability to survive quantisation, we 
should certainly expect integrability to appear in Af — A Super Yang-Mills theory. 
In particular, we know that systems with infinitely many degrees of freedom are 
usually just integrable in dimensions less than three, whereas here we consider 
A/" = 4 Super Yang-Mills theory in four dimensions. It turns out that the spectral 
problem of finding anomalous dimensions of single-trace local operators can be seen 
as an effective one dimensional problem. The crucial insight of [35] was to map such 
single-trace local operators to a spin chain. This generalised earlier observations 
[1481149) of the appearance of integrable lattice models in QCD. In [26], the authors 
took just single trace operators composed of the so (6) scalar fields, which have the 
form 

tr(0''i0''= ...0°^), (4.35) 

with flfe = 1, . . . , 6. As the fields 0° live in a trace, one can consider such operator 
as a closed spin chain of length L, and each 0° defines a spin degree of freedom, 
transforming in the fundamental representation of so (6). The classical dimension 
of those scalar fields is just 1, but now one is interested in calculating the quan- 
tum corrections of the dimension, i.e. the anomalous dimension. In fact, the whole 
dimension of an operator is the eigenvalue of the dilatation generator T) of the 
conformal algebra, i.e. we consider the eigenvalue problem 

DO = AO, (4.36) 

where O is a generic single-trace local operator, and A is its dimension. The di- 
mension has an expansion 



A^^A'^AC'), (4.37) 

where A*-'^-' is simply the classical dimension. As mentioned before, we are only 
interested in the planar limit, so A denotes, as before, the 't Hooft coupling constant. 
Likewise, we can expand the dilatation generator itself as a power series 

2) = ^ A'^D^'). (4.38) 

Now the above interpretation of a single trace-local operator as a spin chain is 
merely a picture, but now the dilatation generator can be seen as a Hamiltonian 
acting on such chain. The observation in [551 was that the first correction to the 
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classical dilatation generator, is proportional to the Heisenberg XXX spin- 

chain Hamiltonian with nearest neighbour interaction and so (6) symmetry. As this 
Hamiltonian is integrable, in the same way as the spin-chains with su(n) symme- 
try, which we discussed in section 13.21 one can diagonahse it with the help of the 
Bethe Ansatz. Soon after the discovery of one-loop integrability in the so(6) sector, 
integrability was argued to survive at higher loops |28) in the expansion of 2) in A. 
It turns out that one can consider each of the higher J)''^-' as Hamiltonians, whose 
interaction grows linearly with k, i.e. S)^'^^ interacts with its fcth nearest neighbours. 
Furthermore, Bethe Ansatz equations describing the whole one-loop spectrum of a 
spin chain with psu(2,2|4) symmetry have been derived in [27], and the complete 
one-loop Dilatation generator S^^^ has been written down in 1150 1. It was argued 
in [31.32^ that the superconformal algebra at tree level is enlarged to a Yangian. As 
we have also established non-local charges forming a Yangian algebra at the string 
sigma model, it is natural to expect that there should be a Yangian for the full 
quantum AdS/CFT system. However, as the range of the interaction grows order 
by order in perturbation theory, and indeed also the Lie algebra generators them- 
selves depend on the coupling constant, finding the Yangian even in perturbation 
theory is complicated. All perturbativc checks performed in some subsectors to cer- 
tain lower loop orders have confirmed that there are Yangian charges in each case 
[53154) . A complete proof of integrability would require to find full all- loop charges, 
which can be expanded in weak coupling but also in strong coupling, giving the 
non-local charges of the sigma model [2^ at leading order in strong coupling. Then 
there should be infinitely many related conserved local charges, which guarantee in- 
tegrability in the way as argued in section lOl This has currently not been achieved. 
However, the picture becomes clearer if one constructs magnons states out of the 
spin chain, and considers the scattering problem, in the same way as we did for 
su(n) spin chains in section 13.21 Likewise, there will be an associated scattering 
problem on the string side. This line of thought was proposed in [55], and will be 
followed in the next chapter. 
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5. The Magnon S-Matrix of AdS/CFT 

In this chapter we would hke to study the S-matrix of AdS/CFT. This S-matrix 
is the central object to derive spectral equations, as was advocated in [55j . It was 
found in its all loop-form by exploiting the centrally extended psu(2|2) x u(l)'^ sym- 
metry [57], up to an overall factor. This factor was later conjectured in j65l25j . 
based on earlier observations that there has to be a non-trivial phase in the Bethe 
equations of classical strings [GT. This phase was generalised to quantum strings 
at one- loop |63|64j . and those results are compatible with the fact that at weak 
coupling there is no phase at the first three loops. A derivation of the full scalar 
factor in an integral form |151] directly from crossing symmetry [60] was done in 

[SHH]. 

In its weak-coupling form, the S-matrix describes the scattering of magnons of 
the psu(2, 2 1 4) spin chain, whereas at strong coupling it describes the scattering of 
world-sheet excitations of the string sigma-model. The existence of crossing sym- 
metry is not clear a priori, but it seems to hold |60j . and one can derive it from 
a Hopf Algebra which was found later in |153ll54j . This can be seen as a confir- 
mation for the strength of the algebraic methods advocated in this paper (see also 
|155I156) for interesting discussions relating the breaking of relativistic symmetry to 
q-deformation of the algebra) . Diagonalisation of the S-matrix leads to the all- loop 
Bethe Ansatz [56] of AdS/CFT, which completely describes the spectrum of long 
operators, or corresponding string states with large rotational charges. Further- 
more, the S-matrix [83] of the so-called mirror-model [157174] . which is obtained 
by Wick rotation from the original theory, is, in principle, underlying the TBA 
equations. These TBA equations are believed to describe the full spectrum of the 
AdS/CFT correspondence, and they and their associated Y-system were first con- 
jectured in |76 77 7 8,, 79] . The derivation of the TBA equations relies on the string 
hypothesis [75]. Hence, the S-matrix plays a central role in the spectral problem of 
the AdS/CFT correspondence, and we devote this chapter to the study of it. 

We begin by introducing the S-matrix of the string sigma model in section [5. II 
We will not calculate the S-matrix explicitly in perturbation theory, but follow 
the logic to reconstruct everything from symmetry. The symmetry at this level 
turns out to be a Lie bialgebra, which is the classical limit of the Yangian. These 
results have been published in our paper with Niklas Beisert [93] . In section 15. 2[ 
we derive the one-loop S-matrix appearing on the spin chain of A/" = 4 Super Yang- 
Mills theory , which is a representation of the universal R-matrix studied in section 
12.2.51 We do not need to do any new calculations to obtain the desired result, as 
we have established the underlying mathematics in chapter [S] This is in the line 
of thought followed in this paper. As we have studied the mathematics underlying 
the symmetries encountered in the AdS/CFT correspondence, the physics (in form 
of the S-matrix) follows straightforwardly. The results of section 15.21 have been 
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published in [94], were an explicit derivation of the universal R-matrix of u(2|2) 
was done. 

5.1. The Worldsheet S- Matrix of the String Sigma Model 

In this section we would like to study the S-matrix at strong coupling, as it arises in 
perturbative string theory. The string action defined in section [4.3. II contains many 
gauge degrees of freedom. Hence, before we proceed, we need to study string theory 
in a suitable gauge, so we can define a physical scattering problem. A common gauge 
choice is the light cone gauge, which we will discuss in section 15.1.11 This choice 
will not only break the global psu(2,2|4) symmetry, but also the two dimensional 
Lorentz symmetry. Hence, the applicability of methods similar to those encountered 
in relativistic field theories, as studied in section [XTl is questionable. Nevertheless, 
we will see later that the algebraic structures encountered in the light-cone string 
theory are quite similar to those in other integrable field theories. In section [5.1.21 
we briefly discuss how the S-matrix arises perturbatively in the light-cone string 
theory . Instead of working out the details of the derivation, we construct the 
S-matrix from the underlying symmetry in section [5.1.3l This derivation is based on 
the publication [93]. The symmetry at this level is the Lie bialgebra of u(2|2). It has 
some peculiar mathematical features, which make this case distinct from other Lie 
bialgebras encountered in chapter [2] We recall that Lie bialgebras are the classical 
limit of Yangians, or other Quantum Groups in general. 

5.1.1. String Theory in the Light Cone Gauge 

Just as in flat space, string theory on the AdS^ x S^ background has several gauge 
degrees of freedoms, which we need to flx. One possibility is to choose the light- 
cone gauge. The time-like directions live on the AdS^ part of the AdS^ x S^ space, 
so we choose one direction labelled by t. Then a suitable choice for the space-like 
coordinate of the light-cone is a big circle on the S^, which we call cj). Hence, we 
take the light cone coordinates 

x±^(t)±t. (5.1) 
The charges corresponding to the translations in t and (p are given by 




i.e. they are just the usual energy and angular momentum. For the moment, we will 
choose as the world sheet a cylinder of circumference 2r, instead of the previous 
normalisation to 27r. The world sheet is parametrised by the world-sheet time r 
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and the spatial coordinate a. As we are interested in deriving a scattering matrix, 
and thus need to construct asymptotic states, we should decompactify the cylinder, 
i.e. send r — > oo. The hght cone momenta, generating translations in the light cone 
coordinates chosen above, are given by 

Pi = TPt)- (5.3) 

Now the uniform hght-cone gauge consists of identifying x+ with the world-sheet 
time r. 



x+ = T. (5.4) 

The corresponding momentum is then simply 

P+ = 1- (5.5) 

Furthermore, the total hght-cone momentum is related to the length of the world- 
sheet by 




With P+ being fixed, P- takes the role of the light-cone energy. It is the only 
remaining non-compact charge to be determined, as the other charges are the re- 
maining angular momenta on the sphere and the AdS space, and will hence get 
quantised. In particular, P_ depends on the coupling constant A, or, more pre- 
cisely, it will be a power series in Furthermore, due to the Virasoro constraints 
it is not independent of the other fields. 

Choosing the light-cone gauge also breaks the psu(2,2|4) symmetry into gen- 
erators which either commute or do not commute with P_. It turns out that the 
residual symmetry algebra commuting with P_ is the algebra 



u(l) K p5u(2|2) e p5u(2|2) K u(l). (5.7) 

The u(l) charge on the right of this sum corresponds to the light-cone energy. Due to 

the direct sum structure of the two psu(2|2) summands one can split the remaining 
8 bosonic light-cone fields in such a way that they carry one index from the one 
psu(2|2), and another index corresponding to the other psu(2|2). Furthermore, if 
kappa symmetry is fixed, one also remains with 8 fermionic degrees of freedom. 

Let us denote the 8 bosonic fields which arc transverse to the light-cone by Z„q, 
and Yaa, where a, a — 1,2 are two su(2) indices belonging to the AdS space, whereas 
a, a = 1,2 are again 5u(2) indices, which now belong to the S^. One can translate 
to the more familiar 50 (4) indices in the usual way, by multiplication with Gamma 
matrices. These four su(2)'s are the bosonic subalgebras of psu(2|2) ® psu(2|2). The 
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fermions are precisely what connects the AdS^ with subspaces, which would 
otherwise be independent. In the light cone gauge, the fermions carry indices 

Ipaa, 'ipaa- (5.8) 

Then, the action of psu(2|2) psu(2|2) is manifestly realised on all fundamental 
fields in the light-cone. Indeed, the fundamental fields transform in the fundamen- 
tal representation with respect to each of the two psu(2|2)'s, as outlined in section 
12.31 The undotted indices correspond to the one psu(2|2), whereas the dotted in- 
dices belong to the second psu(2|2). 

As we discussed in section [2. 3. 3[ one problem is that on the fundamental rep- 
resentation of psu(2|2) K u(l), the u(l) charge has to be fixed to ^ due to the 
shortening condition. This is problematic, as this charge plays the role of the light 
cone Hamiltonian, so its eigenvalues should be a continuous, real valued function of 
the coupling constant A. The solution to this problem on the string side was found 
in [158) . confirming the previous investigations on the gauge side [57) . The first 
observation is that physical states of the string have to satisfy the level matching 
condition, which means that the total momentum of all excitations propagating 
around the string world-sheet has to be zero. If one relaxes the level-matching con- 
dition, then both psu(2|2)'s undergo a central extension, just as described in section 
12.3.31 This so-called ofF-shell symmetry algebr£0 is now given by 

u(l) K psu(2|2) ® psu(2|2) x u(l)^ (5.9) 

Note that the three central charges are shared by the two psu(2|2)'s. Two of them 
can be identified in terms of a new Hopf algebra generator, as we will discuss 
later. For the moment we consider all three central charges to be independent. As 
explained in section 12.3.31 the eigenvalue of the light cone Hamiltonian can now 
take continuous values. We remark that the central charge corresponding to the 
light-cone Hamiltonian was denoted by £ in section 12.3.31 For further discussions 
it is useful to consider the mode decomposition of our fundamental fields, 

ZW^,t) = ^ / dp^{e'P^a^^ip,T)+e-^P^e'^^e''^al.{p,T)). 
V27r J 2wp PP 

(5.10) 



"Off-shell in this context purely refers to the fact that the level-matching condition is relaxed. 
This means that the momentum into one direction of the closed string does not necessarily equal 
the momentum into the other direction. 
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ujp is given by — 1 + p^. Then the operators {p, r) create excitations on the 
world-sheet, propagating around the world-sheet with momentum p. We will call 
those excitations magnons, in line with the later discussed magnons on the Yang- 
Mills side of the AdS/CFT correspondence. Note that these excitations are not 
the giant magnons of |71| . which arise in a different kinematical regime. Similar 
mode decompositions exist for the fermions as well as for the canonically conjugate 
momenta in the light-cone gauge. To study them, we should derive the light-cone 
action and corresponding Hamiltonian order by order in perturbation theory. We 
will not need the explicit form, as we only want to illustrate how the S-matrix arises 
directly from string theory. A better derivation of the S-matrix will be later given 
by using symmetry. 

The symmetry algebra can be thought of as acting on the individual momentum 
eigenstates. The crucial observation is that when one has a state consisting of M 
magnons 



where |0) is the light cone vacuum, the level matching condition only says that all 
momenta together should add up to zero, i.e. 

M 



Hence, one can relax the level matching condition for individual excitations, and the 
centrally extended algebra will act on individual magnons. Each individual magnon 
can have non-trivial energy depending on the coupling constant. Furthermore, we 
can now study the problem when two such excitations hit each other, i.e. we will 
discuss the scattering matrix describing the scattering of two magnons. This will 
be done in the next section. 

5.1.2. The Worldsheet S-Matrix 

After fixing the symmetries of the string sigma model, we can calculate the S- 
matrix of worldsheet excitations in perturbation theory. The leading contribution 
was calculated in [58], whereas the two- loop correction was obtained in [159,. By 
integrability, the scattering matrices for M magnons will factorise into two-particle 
S-matrices, and again the order of the two-particle scattering processes will not 
matter. In [S^, it was explicitly checked that there is no 2 — >■ 4 particle process, 
which is a necessary condition for integrability, namely, that there is no particle 
production. Let 5p5u(2|2)xpBu(2|2)Ku(i)3 denote the whole quantum S-matrix, which 
is invariant under the residual light-cone symmetry psu(2|2) x psu(2|2) k u{1)^. As 
in the light-cone we have 16 physical degrees of freedom, 8 bosonic and 8 fermionic 



a 



{Pi,t) . . .a^{pM,T)\0) 



(5.11) 




(5.12) 
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fields, the two-particle S-matrix is a 16^ x 16^ matrix. Due to the direct sum struc- 
ture of the underlying Lie algebra symmetry, as well as the integrability of the 
model, the two-particle S-matrix factorises with respect to the algebra as 



'5psu(2|2)xpsu(2|2)xu(l)3 — '5pgu(2|2) xu(l)3 ® Spsu(2\2)Ku{l)'> ■ (5.13) 

The S-matrix will now scatter excitations with definite momentum, as created by 
the creation operators appearing in (jS.lOp . One should consider free fields as in- 
state, mapping to free fields in the out-state. All sets of operators satisfying the same 
canonical commutation relations should be related by similarity transformations, 
see [142] for details. We denote by M, N and M, N two indices belonging to the 
two psu(2|2)'s, i.e. they combine the previous 4 indices a, a, a, a belonging to the 4 
su(2)'s. This is analogously to the indices used in (|2.117|) . The corresponding fields 
with momentum p are denoted by 4>]^,ff^j (p) ■ Then the S-matrix acts as 



Ki7nn\^pp'^P^)^Qq(p^))^ (5-14) 
if one uses the matrix notation S^f,^^-. The factorisation with respect to the 

MMNN ^ 

algebra then means that 



^PPQQ _ ^PQ ^PQ -it-N 

up to a minus sign depending on the conventions for fermions. One can now derive 
the S-matrix in perturbation theory. If the Hamiltonian in the light cone is split 
into a free part Hq, and an interaction part V, i.e. H = Hq + V, then the S-matrix 
is given by 

/CO 
drV), (5.16) 
-OQ 

with T denoting the time ordering operator. 

The leading contribution in an expansion in ^ is denoted by 



S^l + ^T. (5.17) 
V A 



Hence, T is given by 



T^y^ljrV. (5-18, 

Here, V itself should be truncated at leading order in perturbation theory. We 
shall not present the detailed derivation of T here, and refer the reader to |58I142| . 
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We only wanted to highlight the ideas leading to the S-matrix directly from string 
theory. Instead, in the spirit of this paper, we shall reproduce the classical scattering 
matrix from symmetry in the next section. 

5.1.3. The S-Matrix and Lie Bialgehra at Strong Coupling 

In this section we will reproduce the classical contribution to the scattering matrix 
from symmetry considerations. We have described in the previous section that in 
the light cone gauge the global symmetry is, upon relaxing the level matching con- 
dition, given by two copies of psu(2|2) k u(l)'^. Furthermore, as integrability implies 
that the S-matrix factorises with respect to the two copies of the algebra ()5.13p , we 
only need to derive the psu(2|2) k u(l)'^ invariant S-matrix. The non-local charges 
associated to the Lax connection, as studied for the sigma model before gauge fix- 
ing in section 14.3.11 seem to be related to the Yangian. This was argued in [31] , 
where related Yangian charges on the gauge side were studied. Furthermore, in the 
pure spinor formalism, Yangian charges which explicitly resemble those as found 
in other integrable field theories p.36p were constructed fl60j. For this reason, we 
assume that in the light cone gauge, psu(2|2) k u(1)^ should also be extended to the 
Yangian. The classical version of the Yangian (double) is the Lie bialgebra based 
on the loop algebra (psu(2|2) k u(1)^)[m, u^^]. Wc will show that two of the central 
charges are dependent on the third charge and the loop parameter u, and can be 
consistently eliminated. 

Let us briefly recall the construction of the Lie bialgebra and classical r-matrix 
for 0[(n|m), as studied in sections [2. 1.412. 4. T] If we denote a basis of g[(n|m) by 
J°, and the corresponding basis of the loop algebra 0[(n|m)[[M, by J°, then 
we established the classical r-matrix 



As raising and lowering the indices a corresponding to the Lie algebra is done 
with a non-degenerate bilinear form, which does not exist for ps[(2|2) k C'^, we 
should in principle extend the algebra to s[(2) k psl(2|2) k C'^. As discussed in 
section 12.3.31 the automorphisms have no fundamental matrix representation, so 
this extension cannot give a physical answer. Physics requires the r-matrix to be 
an ordinary 16 x 16 matrix. Let us have a closer look at the fundamental matrix 
representation of ps[(2|2) k C^. In section [2.3.31 we have described the eigenvalues 
of the three central charges £, *P, ^ in terms of four complex numbers a, h, c, d with 
the constraint ad — he — 1. Furthermore, we argued that £ should correspond 
to the energy eigenvalue of the light cone Hamiltonian, which should depend on 
the momentum p of the corresponding magnon as well as the coupling constant 
•\/A. Hence, the labels a, 6, c, d should also depend on p and \/X. We find that the 



oo 




(5.19) 



n— a— 1 
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(5.20) 



following parametrisation for a, b, c, d at first order in 

1 _ 2n 

yields the correct dispersion relation |161j for £: 

a = 7, o = -^^r^ TT. c= — , a=:r-r^ tt • (5.21) 

7(.T^ — 1) ax 7(x — Ij 

Here, we introduced two parameters 7, a which do not appear in the eigenvalue of 
£, and are hence not physical. They are related to rescaling the basis vectors. The 
spectral parameter x is related to the momentum p as 

P^9^^- (5.22) 

In this representation, the two central charges are clearly not independent. 
They are given by 

^ P 

— = -i- = -^aSi. (5.23) 
a g 

Hence, it is useful to introduce a new generator S), such that its eigenvalue is given 

by 

g x^ — I 

Then, we have 

qj = -m£), (5.25) 
a 

The energy eigenvalue € in those parameters was found in |162) and reads 



^=t±_L±, (5.26) 



1 a;2 + 1 
2a;2 - 1' 

Let us now investigate the extension to the loop algebra, in order to construct the 
classical double and the classical r-matrix. We have seen in section 13.1.31 that for 
relativistic integrable models, the loop parameter, or, in quantised form, the param- 
eter u of the Yangian, is related to the rapidity. Here, we do not have relativistic 
invariance, but nevertheless, m is a function of the momentum. Indeed, we find that 
a good parametrisation leading to the right physics is given by 

u^x+-, (5.27) 
x 

where we choose a unitary representation for our loop algebra generators, i.e. 
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- (5.28) 

Hence, contrary to the case of ordinary simple Lie algebras, where the fundamental 
representations generically does not depend on continuous parameters, and param- 
eter dependence is introduced via the loop algebra, in the case of the loop algebra 
psu(2|2) K u(i)^[[u, u~^]] the loop variable does not introduce any new independent 
parameter. This at least holds for the physical application we have in mind, but it 
is also important for the mathematical features of the loop algebra which we will 
discuss now. The crucial observation on the fundamental representation is that 



2(r 

2) = — (5.29) 

u 

holds. Hence, at least on the fundamental representation, one can eliminate yet 
another central charge, and remains with only one independent central charge £. 
We will now show that one can impose the constraint (j5.29l) in an abstract way in 
the loop algebra. In particular, adding the index n for the degree of a generator as 
in (105)1 . we get 



q3„ = -2ia(tn-i, Sin = (5.30) 

a 

The first observation is that as these identifications mix generators of different 
degree n, they obviously violate the generic loop algebra commutation relations 
[^n'^ml = f^^cZn+m- Instead, the fermionic generators commute like 



{(Q„0"6, {£ln)\} = 2ae"TeMe:m+„-i, 

{{emTp, {enTs} - -2a-h'''eps€ra+n-U (5.31) 

modifying the relations (|2.148|) of psu(2|2) x u(l)'^. Interestingly, this is compatible 
with the Lie algebra structure. In particular, the Jacobi identity holds. The same 
kind of shift in the degree in the commutation relations is not possible for loop 
algebras based on simple Lie superalgebras. Generically, if we have a relation of 
the form [Jn,Jm] = •^n+m; canuot shift Jn+rm it will have non-trivial com- 
mutation relations with the other generators. Hence it is quite non-trivial that this 
identification here does not lead to incompatibilities with the defining relations. 

Due to the identification (|5.30p the set of remaining generators is the same as the 
set of generators forming the loop algebra su(2|2)[[m, u~^]]. However, the commu- 
tation relations are slightly different, as generically su(2|2)[[-u, relations would 
imply that the right-hand side of the second and third equation in (|5.3ip would be 
zero. Nevertheless, we end up with a well defined Lie algebra structure, which we 
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shall call the deformed su(2|2)[[u, This is because in some scaling limit of the 

loop variable u, we can recover the undeformed loop algebra su(2|2)[[m, u^^]]. 

Despite having reduced the three central charges to one we note that this de- 
formed algebra still does not have a non-degenerate bilinear form, as needed for 
the construction for the classical r-matrix. We have to investigate how the external 
automorphism algebra s[(2) acts on su[[u, it~^]](2|2) after the above identification 
()5.30|) . The action of s[(2) on the undeformed psl(2|2) k C'^ algebra was described 
in equations (|2.144[) . (|2.15ip . The goal is to reduce the three s[(2) generators to 
just one generator, such that this remaining generator can act on the fundamental 
matrix representation, as required for physics. This generator should be compat- 
ible with the commutation relations, and still lift the degeneracy in the invariant 
product caused by the remaining central charges £„. As on the fundamental matrix 
representation the central charge triplet before and after the reduction (I5.30p . 
acts like a multiple of the identity, and henceforth commutes with all matrices, 
we also require that the surviving automorphism should commute with all central 
charges. The unique combination is given by 

'B^ := 2{<Bn)l + -CB«-i)2 + 2a(»„_i)?. (5.32) 

a 

This generator acts on the fermionic generators as 

[*B™, i&nTis] = -(©™+n)"/3 - 2a-i£"%^5(Q„.+„_i)'5,. (5.33) 
The remaining commutation relations of *B are trivial, as before: 

[^„^,^n] = [«™, (9^„)M = (£„)"0] = (5.34) 

Taking all the generators {'iRnTb, (.Gn)"/?, *B„, £„, (6„)°/3, {QnTb together, we ob- 
tain the loop algebra u(2|2)[u, Due to the shift of degree in (|5.30l) . and con- 
sequently the modifications of the central elements and automorphisms, it is not 
the standard u(2|2)[u, w^^] loop algebra, but has deformed commutation relations 
as spelled out above. 

We are now almost in a position to write down the classical r-matrix for 
u(2|2)[u, What we have to investigate is how the identifications (I5.30p modify 
the invariant inner product on the loop algebra. Recall that the inner product on 
the loop algebra is defined by 

(\Snii^m) ~ ^ ^n, — m—l- (5.35) 

On the fundamental representation, n is given by 



k"'' = str(ra^). 



(5.36) 
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As (j5.30l) was proclaimed via the observed identification on the fundamental rep- 
resentation, we argue that this identification does not change the inner product on 
the psu(2|2) generators. This can also be checked explicitly by imposing the invari- 
ance of the inner product. Using the invariance condition {A, [B,C]) = {[A,B],C), 
we get the following inner product of the automorphism and the central element: 

(5.37) 

Furthermore, 03 allows for the following fundamental matrix representation: 

'B\r) = -^\r), ^\r) = +^\r) (5.38) 

Interestingly, the representation of 58 itself depends on the eigenvalue of the central 
element £. This is clearly required to satisfy (|5.37|) . Furthermore, as !B is an exter- 
nal automorphism of su(2|2), and henceforth never appears on the right-hand side 
of any commutation relations, we can add a multiple of £ to it without modifying 
any commutation relations. This is in analogy with the observations (|2.14ip for the 
automorphism of 0((n|n). In principle, in the loop algebra u(2|2)[u, we could 
shift *Sm by different multiples of £ for each m. We will not do so in this paper, 
as the classical r-matrix is invariant by such shifts. However, the r-matrix will have 
additional twists, as we will see soon. These could in principle be affected by such 
shifts. 

We have now described a complete, consistent matrix representation for the 
generators of the deformed u(2|2)[u, algebra, and we also have described an 
inner product, which is basically unaffected by the identifications done. Further- 
more, the basis generators we have chosen already form a dual basis, i.e. we have 
a basis Ji G q[u] and a basis J* € q[u~^]u~^ such that (j^, J*) = ±Sij. The clas- 
sical r-matrix (15.191) , as studied in section I2.1.4[ is written down as the canonical 
element in the double I?(g[M]) = g[[M, li^^]]. It is important that 2[u], as well as 
its dual g[u~^]u~^, are subbialgebras of 0[[w, u"-'^]]. This is clearly violated by the 
identifications we have done. Indeed, if one commutes two fermionic generators of 
degree 0, we get from (|5.31|) 

{(00)",,, (Qo)^4 - 2ae"T£,<ie:-i, 

{(6o)%, i&ors} = ^2a'h''^eps<^-i- (5.39) 

Hence, the commutator of two elements in q[u] is in q[u~'^]u^^ . However, there is a 
surprisingly simple solution to this problem. We can consider the two subalgebras 
g+, spanned by 

= ($H„, £„, 0„, 6„, £„_i, *8„+i)„>o, 

g = -2-l-n, Q-l-„, ©-l-„, £-2-ri, ^-?i)n>0- (5.40) 
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One can immediately convince oneself that these are indeed closed subalgebras, 
and, importantly, they are still dual subalgebras with respect to the inner product 
(|5.35|) . Hence, one can construct the classical double for g"*", which will again be the 
loop algebra u(2|2)[u, u~^], but with deformed commutation relations. Furthermore, 
the classical r-matrix is also different, and is given as follows: 



r = ?'p0u(2|2) - ® - ^-1-"' ® (5-41) 

m— — 1 m— +1 

Here, r^^y^(2\2) is the standard classical r-matrix for psu(2|2), given by 



ni—0 ni—O 
oo oo 

m— m— 

(5.42) 

As we have constructed the classical r-matrix via the classical double construction, 
it follows immediately that it satisfies the classical Yang-Baxter equation 



['^12, ''13] + ['^12, ''23] + [ri3,r23] = 0. (5.43) 

Details as well as an explicit check for the GYBE were performed in [93], and a 
proof why r-matrices obtained via a double are quasi triangular can be found in 
[lOOj . Furthermore, we could have equally well constructed it as a double of g~, 
and, just as argued in section I2.1.4( taking an antisymmetric combination of the 
two corresponding r-matrices results in a unitary r-matrix, see equation 12.411 

Note that we can also subtract and readd the terms shifted in (j5.4ip , and obtain 

rp,u(2|2),12 ^(g>€ €(g>^ 

ri2 = . : : h — , (5.44) 

lUi — IU2 IU2 lUi 

with 7p5u(2|2),i2 being the standard Casimir of psu(2|2), acting on the tensor prod- 
uct. The additional terms — *B(8)£— £(g)*B complete the Casimir to formally the 
standard Casimir of u(2|2). However, again the commutation relations are deformed 
with respect to the standard u(2|2) algebra. The last terms, — + can be 

interpreted as the classical limit of a Reshetikhin twist [163) . This twist is neces- 
sary as the quantum psu(2|2) tx u(l)'^ generators act nontrivially on tensor products 
[153ll54j . i.e. they have a deformed coproduct. On the classical level investigated 
here, this twist implies that the cobrackets resulting from the classical r-matrix 
(fOTj) get modified. They are defined in the usual way by 



(5.45) 
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S{€n) = 

5(Q3„)-+^(Ofe)"fcA(6„ 



n-1 

1-fej a 
k=0 
ri-1 



k=l 

71-1 

k=l 
n-1 

Si^nTb = +J2{^krc A {^Rn-l-kTb 

n—1 ^ 

- J2 A {Qn-i-kTb - ^^i (6fc)^ A (0„_i_ferd 

fe=0 

Ji-1 

fe=0 

n—1 ^ 
+ ^ [(0fc)", A {&n-l-k)'(i - {QkYc A {&n-l-kYs 

71-— 1 n—1 

SiQnTb = - 5](£fe)"^ A {Qn-l-kVb - A {Qn-l-kTc 

k^O k^O 
n n — 1 

- e^fe-i A {Qn-kTb + 2a/3e"^£6de:fc-i A {6n-i-kf^ 

k=0 k=0 
n—1 n—1 
Si&nTp = +Yi^kTc A {en-l-kYp + ^(£fc)''/3 A {en-l-k)% 



k=0 k=0 
n n— 1 



k)^c 



+ J2 ^k-1 A {&n-kTp + Y 2a~'/3e""£/j5e:fc-i A (Q„_i_ 

fc=0 fe=0 

Table 2. Cobrackcts of the Lie bialgebra generators. 



as studied in section 12.1.31 We have spelled them out explicitly in table [H 

These cobrackets differ from the standard cobrackets for the undeformed 
u(2|2)[m, algebra, as spelled out in table [T] in section E.4.1[ exactly by terms 
generated by the twist. In particular, even the fermionic generators of degree zero 
have nontrivial cobrackets, in contrast to the standard cobrackets of degree zero 
generators in a loop algebra. 
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r|0V) = Gi2|0V)+i?i2|V'^</'°) 
r|V'"/) = /^i2|</'V) + ii2|^"/) 



1 / . X 1 

-(Al2 +S12) 



1,, „ , (xi- 0:2)2(0:1x2 + 1)2 +i - c:r,-ie:2,-i - c:2",-ie:i, 



2 4o:iX2(x2 — l)(o;| — l)(mi — m2) iui — iu2 

1^ «7i72(a:i - 2:2) _ aiC2 - cia2 

0^12 — r ■ — 7 — ~ ■ — 

2 axiX2\iui — IU2) iui~iU2 

\{Dl2+Ei2) ^ 



2 iui — iu2 

J, ^ (0:1 - 0:2)2(0:1x2 + 1)2 _ + g2:-igi,-i + gr-ig2.-i 

'7:Vi>'l2 — J^12) — —-. r~9 1\/ 9 TTT^ '■ — T ~ '■ '■ 

2 4:XiX2{Xl — lj{X2 — l)(«Ul — IU2) lUi — IU2 

1^ _ zao:iX2(xi - 0:2) _ rfi&2 - ^ic?2 

2 7172(0:2 — 1) (0:2 — l)(iMi — W2) iui — iu2 

{xl - xl){x\xl - 1) ^2^.-12:1.-1 - e:r,iie:2.-i 



G12 

-ffl2 
K^2 

L12 



AxiX2{x\ — l)(x| — l)(mi — iu2) iui — iu2 

7iX2(xio:2 - 1) _aid2-ci62 
720:1(0:2 - 1) (mi - m2) iui-iu2 

72Xi(xio:2 - 1) dia2 - 61C2 



71X2 (^2 — l)(zMi — 1^2) iui — iU2 

{xl - xl){x\xl 1) e:^-ie:2.-i - £2-^12:1,-1 



Ax\X2{x\ — l)(o;| — 1)(toi — 11*2) iu\ — iu2 

Table 3. The classical (light cone) r-matrix of AdS/CFT. 



Having established the abstract, universal form of the classical r-matrix, we 
can straightforwardly evaluate it on the fundamental evaluation representation, as 
defined in equations ()2.153p . p.l54p in section [2.3.31 using the parametrisation for 
the labels as in (|5.2ip , and the spectral parameter (|5.27p . We get the result as listed 
in table |31 

This result was obtained by using the representation for the automorphism as 
in (|5.38p . It coincides with the light-cone S-matrix of |164) . To obtain a result 
compatible with the so-called AFS phase of the string S-matrix at strong coupling 
|61| . we have to add a term 
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Co A £-1 (5.46) 

to the r-matrix. This combines with the twist to £_i A (*8o — Co), and can hence be 
seen as a shift of the automorphism by —Co- As argued before, such shift does not 
modify the commutation relations. Furthermore, such shift is the only remaining 
freedom not completely fixed by the symmetries at the classical level. This is because 
the antipode acts trivially on the classical Lie bialgebra. Hence, there is no natural 
algebraic form of the crossing equation acting at this level. Hence, one might in 
principle add other terms compatible with the classical Yang-Baxter and unitarity 
equations. Certainly, terms of the form 

c™ A e:„ (5.47) 

satisfy this requirement. Otherwise, we have succeeded in reproducing the classical 
r-matrix purely from the symmetries. 

5.2. The Magnon S-Matrix of J\[ — A Super Yang-Mills theory 

In section I4.3.2[ we have argued that A/" = 4 Super Yang-Mills theory in the large 
A'" limit is integrable, and this integr ability is realised by regarding the action of the 
dilatation generator on single trace local operators as the action of an integrable 
Hamiltonian on a spin chain. In principle, we can use the techniques of diagonalisa- 
tion of the Hamiltonian of the XXX Heisenberg spin chain introduced in section |3^ 
to derive the spectrum of the dilatation operator. In section 13.21 we were dealing 
with su(n) spin chains with nearest neighbour interaction. Now, the spin chain has 
psu(2, 2|4) symmetry, which is noncompact and also long-ranged. The interaction 
range of the Hamiltonian depends on the order in perturbation theory we are con- 
sidering for the gauge theory. At order A, the complete Hamiltonian was derived in 
|150j . and the Bethe equations were written down in [27]. The full psu(2, 2|4) Yan- 
gian has only been found at tree level [31l32j . Assuming the Yangian to survive, we 
will reconstruct the one- loop S-matrix from the universal R-matrix in section r5. 2. II 

We should note that when the interaction range of the Hamiltonian is longer 
than the length of the operator whose anomalous dimension we want to calculate, 
there will be wrapping interactions |157) . This makes the spin chain picture un- 
suitable, and the asymptotic Bethe ansatz will not work in that case. Indeed, to 
calculate anomalous dimensions at wrapping order, one needs to take into account 
Luscher corrections [7D], and ultimately the TBA equations |76I77I78|75] . Here, we 
will derive only the asymptotic S-matrix, whose diagonalisation leads to the asymp- 
totic Bethe ansatz. However, as the goal is to find a universal R-matrix in terms 
of the abstract generators, as done for classical string theory in section [5.1.3l such 
universal R-matrix should, upon choosing a suitable representation, yield the bound 
state S-matrices leading to the TBA equations. 
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Fig. 5. Dynkin diagram of psu(2,2|4) called "Beauty" 
5.2.1. The One-Loop S- Matrix from Yangian Symmetry 

In this section we would like to discuss the scattering matrix for magnons of the 
psu(2, 2|4) spin chain at one-loop. We have seen in section [3^ deriving the scatter- 
ing matrix for the su{n) spin chain requires choosing a vacuum state, which breaks 
the symmetry to su{n — 1). The magnons transform under this residual symme- 
try, and the S-matrix is henceforth invariant under su(n — 1). Likewise, we have to 
choose a vacuum for the psu(2, 2|4) spin chain. A suitable choice is the BPS state 

Z^, (5.48) 
where Z = (j)^ -\- is part of the scalar sector of the theory. 

The choice of the vacuum state breaks the symmetry to 

u(l) x psu(2|2) ® psu(2|2) x u(l). (5.49) 

The two psu(2|2)'s correspond to the three nodes to the left/right of the middle 
node in figure [S] The resulting S-matrix should hence be invariant under (|5.49p . We 
can rewrite ()5.49|) as 

u(2|2)®u(2|2), (5.50) 

such that the two u(l) charges in the decomposition u(2|2) = u(l) k psu(2|2) k 
u(l) are identified in both copies of u(2|2). Due to the direct sum structure, by 
integrability also the total S-matrix should factorise with respect to the algebra 
factorisation, i.e. one should have 

5u(2|2)©u(2|2) = '5u(2|2) ^ Su{2\2) ■ (5.51) 

We will henceforth assume this factorisation, and focus on deriving the u(2|2) in- 
variant S-matrix. Note that the residual symmetry after symmetry breaking with 
the BPS vacuum is the same as the residual symmetry in the light-cone gauge, as 
studied in the previous section. The reason for this is that via the AdS/CFT cor- 
respondence the gauge theory operator Z corresponds to excitations propagating 
along a big circle on the on the string sidejl^. Note that for the moment, we 
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have no reason to believe that the u(2|2)'s undergo a central extension. 

For the moment, let us assume that u(2|2) is enhanced to the Yangian, as we 
would expect from the existence of Yangian charges in the unbroken symmetry alge- 
bra. The fields of = 4 Super Yang-Mills theory transforming under the unbroken 
symmetry ()5.49|) are 8 bosons and 8 fermions, which carry two indices belonging 
to the fundamental representation of the two u(2|2)'s. This is in precise analogy to 
the fields in the light-cone string theory, as studied in section [5. 1.1 1 

We now form scattering states in the same fashion as for su(n) spin chains 
considered section [321 This means that the u(2|2) magnons look like 



= J2 e'*""!^ ■ • ■ ZX^^Z ...Z), (5.52) 

n 

with M = 1, . . .4, and X^''^ — 0^'^ are bosons, whereas X^'* = V'"'^'^ are fermions. 
Hence, the problem of finding the S-matrix 5u(2|2)eu(2|2) from the psu(2,2|4) spin 
chain is equivalent to finding two copies of the S-matrix 5^(21 2) j which can be though 
of as acting on excitations of a su(2|3) spin chain. 

As the magnons transform in the fundamental representation of u(2|2), we ex- 
pect the two-particle S-matrix iSu(2|2) to be related to the appropriate representation 
of the universal R-matrix of 3^(u(2|2)). The universal R-matrices for Yangians of 
5l{n\m) were studied in section [2.4.21 so we will just briefly recall the results. We 
take the universal R-matrix from section [2.2.5[ and evaluate it as in section [2.4.31 
for g[(n|n), by simply putting n = 2. We get the result 

S^'^(^ld-^V). (5.53) 
Here, we have used the Cartan matrix of the distinguished Dynkin diagram. 



A = 





-1 0\ 


-1 


1 1 





1 -2 


Vo 


1 0/ 



(5.54) 



and chosen reality conditions as we deal with the real Lie algebra u(2|2). This re- 
quires the spectral parameter of section 12.4.31 to be imaginary, i.e. we have put 
u — >■ —iu, such that the u used in this section is real for physical particles. 



Note that this S-matrix is obtained from a universal R-matrix in the same way 
as the relativistic su(n) S-matrices. Interestingly, as our method to construct uni- 
versal R-matrices works well for all superalgebras s[(n|r7i), we note that for n — m 
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the complicated Gamma function prefactor disappears, and we remain with the 
simple rational factor ^z^- To get the precise weak coupling limit of the spin 

chain S-matrix, the factor ^^^^^ should reduce to 1. This might be related to a 

twist of the S-matrix, which we are missing at the presence. Note that 7753^ is just 
a phase of a freely moving particle and appears also in the Bethe equations, so we 
are at present not sure if the appearance of l^^2-u S-matrix has some deep 

physical meaning. We are convinced that it cannot be purely by chance that the 
Gamma functions cancel for n — m. 

We should note that other choices for the outer automorphism, leading to differ- 
ent Dynkin diagrams, as in 12. 1421 might restore Gamma functions. But for generic 
s[(n|?7i), n m and n 7^ m ± 1, there are always Gamma functions appearing in 
the S-matrix. Hence, we certainly believe it is no coincidence that the universal 
R-matrix for u(2|2) almost produces the correct result needed for physics. Also, 
the S-matrix in string and gauge theory looks slightly different, as noted in [165] . 
and there is certainly a twist needed to modify the coproduct of the Lie generators 
|153|154j . which also involves a factor of the form ^^^^^ , even though the twist 
leading to this coproduct seems to not directly lead to the S-matrix (I5.53|) . 

5.2.2. The All-Loop Magnon S-Matrix 

The all-loop S-matrix was derived in |57) from gauge theory arguments, up to its 
dressing factor. A crucial ingredient in the derivation is that the psu(2,2|4) spin 
chain has the property that some symmetry generators change the length. This was 
first realised in the su(3|2) subsectoiB [US]. Let us consider this subsector, and the 
corresponding spin-chain. The fields transform in the fundamental representation 
of su(3|2) as defined in (|2.127p . We label the basis vectors as before by {0^, 0^, = 
Zlijj^ ,ip'^}. The third bosonic basis state (f>^ = Z will form the spin chain vacuum 
state Z^, which corresponds to a BPS state in A/" = 4 Super Yang-Mills theory . 
Hence, excitation states look like 

ni<<-<<nM 

(5.55) 

As we mentioned before, the interaction range of the Hamiltonian depends on the 
order of the expansion in perturbation in A. We now want to derive the all- loop S- 
matrix, which means the Hamiltonian has, in principle, infinite range of interaction. 
That is the reason why we should consider asymptotic states where the individual 
magnons are well separated, i.e. ni << ■ ■ ■ << hm- This apparently requires us 
to work with an infinitely long chains. We emphasise that the Hamiltonian is not 



°We reverse su(2) and su(3) compared to 166 , for compatibility with the conventions of chapter 

El 
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explicitly known to higher orders in perturbation theory. Nevertheless, one can fix 
the all-loop S-niatrix purely by symmetry. This allows to extract the momenta via 
the Bethe equations, and, as one has knowledge of the all-loop dispersion relation 
[161] . one can extract the exact all-loop energies of asymptotic states. Indeed, the 
structure of the dispersion relation is also fixed by the non-local Hopf symmetry 
resulting from the length changing of the underlying spin chain. 

Let us consider the action of the symmetry generators which do not change the 
vacuum state \Z)^ , as in the previous sections where we discussed the perturbative 
string and gauge S-matrices. It turns out that some fermionic generators do change 
the length of the spin chain when acting on magnons, which means that they insert 
or remove vacuum states Z into the chain. The generators form a psu(2|2) k u(1)^ 
algebra, i.e. the manifest su(2|2) algebra is centrally extended [57]. The action on 
one-particle states of the symmetry generators is given by 

&-^\^y) = sj\r)-ls}\r), (5.56) 

©%|0'') = ce'^^£„^|V'^Z-), eWiP^') =dS^\r). (5.57) 

with the action of the fermionic generators including the markers Z^ , which indi- 
cates that a vacuum field Z is inserted or removed into the spin chain. The labels 
a, &, c, d and full set of commutation relations was given in section [2.3.31 

Indeed, on single magnon states, these extra markers have no physical effect, 
as single magnons are excitations over infinitely many Z's. The crucial difference 
is that these markers modify the action on multi particle states. Consider a two 
magnon state \XX). Then the action of e.g. a generator £} inserting a Z would be 



£1\XX) = \YZX} + \XYZ}, (5.58) 

where we have say £l\X) ~ \ YZ). Recalling that we have asymptotic states (|5.55l) . 
we can shift the marker around the excitation Y , and redefining the indices ni, n2 
we get an additional phase e*^, where p is the momentum corresponding to the 
magnon around we shifted the marker. These shifts mean that psu(2|2) k u(1)^ acts 
non-locally on tensor products, i.e. multi particle states, and the correct algebraic 
structure is a Hopf algebra [1531154] . The algebra relations of psu(2|2) k u(I)'^ are 
not modified, but the coproduct is non-trivial, and spelled out in table 

PWe choose the conventions of [107) . upon formally identifying the marker Y used in ^107_ with 
Z^/^. This leads to the S-matrix in the string frame |165l . 
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i + i(g)5n%, 






1 + 10£"^, 














A£ 




f 1 «) £, 




= q3(g)l 




AR 






AU 







Table 4. The twisted coproduct of p3u(2|2) K u(l)^. 



The generator U appearing in the coproduct in table |4] is a central generator 
of the enveloping algebra and has the eigenvalue U = e*^/^ on the fundamental 
representation. Furthermore, the labels a, 6, c, d are fixed to be 



J \ X J ax^ *7 V 

where x'^ ,x~ are related to the momentum as 



They also satisfy the constraint 



(5.59) 



(5.60) 



1 1 7 

— ~x-- — = -. (5.61) 

a;+ X g 



7 and a are two further generators related to the rescaling of the basis vectors. 
They do not appear in physical quantities, g is related to the 't Hooft coupling as 




(5.62) 



The central charges *P, J? of psu(2|2) k u(l)'^ have to be cocommutative in order for 
the coproduct to be compatible with the existence of an S-matrix. This leads to the 
identifications 



fp = ga(l M. = ga-\l-U-^). (5.63) 

These identifications can be imposed abstractly, and are obviously compatible with 
the above representation labels. Furthermore, plugging these identifications into the 
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shortening condition for the fundamental representation, the third central charge 
£ is given by 

£2 = 1 = 1 +4g2sin2(p/2). (5.64) 

As the eigenvalue of £ corresponds to the energy of the underlying spin chain, this 
identification is identical to the dispersion relation of the theory. We stress that the 
derivation is purely in algebraic terms, and fixes the dispersion relation up to the 
choice of proportionality in front of sin^(p/2j^. 

Let us now discuss the extension to the Yangian. We discussed the Yangian of 
3^(ps[(2|2) K C^) in section !^. 4. 41 Here, we only need to discuss the modifications due 
to the braiding generator U. The Yangian algebra relations remains unchanged, but 
the coproduct of the generators is now twisted in the same way as the Lie algebra 
generators, and the coproduct in the first realisation is explicitly given in table [SJ 

If one would formally switch off the braiding generator U, one would recover the 
standard Yangian of psu(2|2) k u(l)'^, as studied in section [2.4.41 

We note that mathematically, we can generate U by twisting the coproduct as 



AX = J"AoXJ-\ (5.65) 

where = exp(ip/2(g)*8}) is a Reshetikhin twist, p can be considered as an abstract 
central generator satisfying Ap = p(g)l + l(g)p. It can be considered as a formal loga- 
rithm of the generator U. 03} is one of the outer automorphisms of psu(2|2) x u(l)^, 
as defined in section [2.3.31 Indeed, *B} acts only on the fermionic generators in a 
diagonal way, and can hence be easily seen to generate the coproduct (|4]) , ([5]) . 

We would now like to investigate the representation of the Yangian generators 
on the fundamental representation of psu(2|2) k u(1)^. We have already investigated 
the untwisted generators in the second realisation in section 12.4.51 The generators 
of the first realisation can, in principle, be represented in the same way as for the 
unextended su(2|2) algebra, namely as 



X = uX, (5.66) 

with some spectral parameter u. Similarly as in the case of the classical Lie bial- 
gebra, as studied in section 15.1.31 u should be related to the momentum of the 

''The S-matrix of the AdS4 X CP^ correspondence is formally found by substituting the 't Hooft 
coupling by a more general function of A |167) . Hence, the same algebraic structure seems to exist 
in this theory. 
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corresponding magnon, and hence be related to the generator U, or the related 
parameters , x~ . The correct identification, found in |59] , is given by 



in + X , , 

u=^ 5.67 

2 1+ -pi^ 

Up to an overall shift on all tensor factors, this is the only combination compatible 
with cocommutativity of the new central generators *P, M.. Hence, this identification 
is a necessary condition, should the Yangian be compatible with an S-matrix on 
two fundamental representations. 

We are now in a position to fix the S-matrix on the fundamental representation. 
It is fully fixed up to a scalar factor by requiring 



[S, AX] = 0, (5.68) 
for all generators X of the Yangian 3^(psu(2|2) ix R^). The answer is given in table 

El 

Interestingly, this S-matrix is already fixed by invariance under the centrally 
extended Lie algebra psu(2|2) k u(1)^, without reference to the Yangian generators 
[57] . The additional invariance under the Yangian generators was shown only later 
[59] . This is in contrast to all other simple Lie superalgebras, where invariance un- 
der the Lie algebra generators constrains the S-matrix massively, but never fixes 
it. This fact is related to the distinguished properties of the representation theory 
of psu(2|2) K u(l)'^, which was studied in jl07j (see also [168j for the unextended 
case). Most notably, the tensor product of two fundamental representations is, for 
generic values of the central elements, irreducible. For simple Lie superalgebras, the 
tensor product usually decomposes into several irreducible components. However, 
in these cases, the representation of the corresponding Yangian will generically be 
irreducible. Hence, the complete S-matrix is usually fixed by imposing Yangian in- 
variance on top of the usual Lie algebra invariance. Alternatively, one can solve the 
Yang-Baxter equation on top of the Lie algebra invariance. Note that the Yang- 
Baxter equation is defined on the triple tensor product, making the computation 
harder than using the Yangian invariance. The reason why solving the Yang-Baxter 
equation seems equivalent to solving the commutation relations with the Yangian 
is that the Yangian can be defined with the RTT relations. 

As equation (|5.68p is invariant under multiplication of S with an arbitrary factor, 
the prefactor of S needs to be fixed by crossing symmetry 60, and unitarity. This 
was done in [55], confirming the earlier conjectured dressing factor of [65125) . We 
give the result of the dressing factor cr^ in the integral form found in [151] : 
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2 



a 



R^{xJx2)R^{x^x^) 
R^ = exp2i(x(a;i,X2) - x(x2,xi)) 

/ / dzi dz2 1 1 , , 1 1 
X{xi,x2) ^ -I <p f 7r-7r~ logr(l + «5 zi H Z2 

J J ZtTI Zm Xi — Zi X2 — Z2 Z\ Z2 



The full psu(2|2) k u(1) invariant S-matrix is then completed by putting 



Q ^ / 1 1/2^1 ^2 ^2 ^1 
"^12 - ^\\ 1 -I / - + + _ - 

Recall that the fuU S-matrix of AdS/CFT is given by 



(5.69) 



(5.70) 



'5psu(2|2)xp5u(2|2)xu(l)3 — Sfzv.{2\2)v\x{\Y ® '5p5u(2|2) ixu(l)3 , (5-71) 

SO the square root in 15.701 will not be troublesome. 
Weak coupling Limit 

The S-matrix given in table [B] is a complete quantum S-matrix, depending on 
the coupling g. If we take g — > 0, we should recover the spin-chain S-matrix as 
studied in section 15.21 This S-matrix is not based on a classical r-matrix, but on 
the universal R-matrix of a full Yangian. To take this limit, it is important to keep 
in mind that the spectral parameters x'^ ^x^ ^ and likewise the related momentum 
p, depend also on the coupling. To get the correct limit one has to rescale x^ ,x~ 
with l/g, and then gets for the S-matri4i| 



5i2 = Id V (5.72) 

u — « u — I 

in this limit, with u = u\ — U2- Note that the S-matrix coming from the universal 
R-matrix of u(2|2) also has an extra prefactor, which, as discussed in section [521 
might be related to some twists. 

Strong coupling Limit 

To study the behaviour of the S-matrix in the strong coupling regime g ^ oo, 
it is useful to use the parametrisation 



^^"""V^ Ag^ix-l/x^^ 2g x-l/x' ^^'^^^ 



''Here, we have also switched off the twist, working with the conventions of [57) . This is the 
S-matrix in the spin-chain frame, see 11651142] for discussions. 
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as found in [162] . 

The parameter 7 appearing in the representation labels and the S-matrix scales 

as 



whereas a remains independent of g. 

This limit corresponds to the near plane- wave regime [1711691170126) . or the 
classical limit of spinning strings |22ll71ll72l62j . The momentum p scales as - in 
this limit. 

In this limit, the S-matrix behaves as [173] 



with the classical r- matrix studied in section 15.1.31 It can also be reproduced alge- 
braically in a different way |174j than in section [5.1.31 However, it was not shown 
that this proposal leads to a consistent quasi-triangular Lie bialgebra. Further- 
more, only the classical r- matrix of section [5.1.31 leads to the correct classical limit 
of bound state S-matrices, as shown in [175183) . 

In [83] . also the full quantum S-matrix on higher representations was investi- 
gated. Indeed, the S-matrix for higher representations is not fixed by the Lie algebra 
symmetry alone, but only by Yangian invariance. This shows that for a complete 
physical picture one really needs the whole symmetry algebra, which is the Yangian. 
Note that the Yangian in this situation is the twisted Yangian 3^(psu(2|2) k M'^), 
where all three central elements are considered to be independent. On both clas- 
sical limits g 00, g — !■ 0, effectively only one central charge survived, and the 
additional u(l) symmetry related to the external automorphism of the algebra ap- 
peared explicitly. As argued in [57|, the two central charges *p, K are related to 
gauge transformations on the gauge side. However, it is at present not clear if one 
can consistently reduce them on the Yangian in an algebraically consistent way. 
The full quantum Yangian behind the all-loop S-matrix should be a mathematical 
quantisation of the Lie bialgebra of section fS.l.Sl and hence a deformed and twisted 
version of the Yangian 3^(u(2|2)). Another hint for this on the quantum level was 
found in |176I93| , where it was shown that the Yangian generator corresponding to 
the external automorphism is also a symmetry of the all-loop S-matrix. 



1 



(5.74) 




S = ld+-r + Oi\), 
9 9 



(5.75) 



For these reasons, we believe that the all-loop S-matrix should be a representa- 
tion of the universal R-matrix defined by 
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—5- OO 

oc 

i=l,...,6 fc=0 

Rh = riexp (± ((^log(io+(Ai))) « (A^^log(i3-(A,))_^^^^,) 
ij \t=o ^ \ ^ / t / 

(5.76) 

The corresponding Chevalley-Serre basis is given in section 12.4. 5[ and the operator 
Dij is related in the usual way to the Cartan matrix. Two important questions need 
to be answered before evaluating this formula for the universal R-matrix. First of 
all, the twist F should contain the part generating the braiding U, which is in 
principle done by putting 

J- = e'f/2»'8^. (5.77) 

It can also contain other combinations of the central charges, as discussed on the 
classical level in section [5.1.31 *B^i has, a priori, no fundamental evaluation repre- 
sentation, so we propose to take the only 4x4 matrix compatible with the inner 
product instead. This was given in p.l85p . Furthermore, the precise mechanism of 
inversion of the operator Dij needs to be given. There might be subtleties, as the 
analytic structure of the AdS/CFT S-matrix is far more complicated than the one 
of the S-matriccs found in other integrable field theories, as discussed in chapter 
[3] As we observed, the construction of Rh is similar to the explicit solution of the 
crossing equation, so we believe that the inversion of D here should be done along 
the line of [55], where an explicit solution of the AdS/CFT crossing equation was 
obtained. 
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A^«6 = (g) 1 + 1 

+ i<5b" Q\ + Q?dU-^ S''^, 

Afi«^ = £«;3 1 + 1 

- ^il"^ £^;3 + ^fi^^ 

- i<5^ 0^cZ^-i 6^5 - 6^5^+1 Q^c, 
A0"6 = 5"6 0l+Z^+i0Q"b 

- QTfc + ^0.\ 

- ^sH%zY+i n«e + ^n"c 8) ^% 

-ie2^+i0Q"b + in"fc0£ 

Ae"^ = 1 + 6"^ 

+ ^fK^JU-^ e'^^ - 91% 

+ ^£^^^-1 6% - ie% 

- ^£"^£^5^+1 0*e + ^£"'^£^50''cZ^-' J?, 

A£=£01+10£ 

+ O - ^-^"^^ ® 

A§ = §0l+W+2 0$ 

- e2Y+^ + £, 

a;^ = ;^ 1 + ZY"^ s 

+ C2Y"^ ^ - ^ £. 



Table 5. Coproduct of the twisted Yangian 



10, 2012 1:10 WSPC/INSTRUCTION FILE ws-rmp 



116 Fabian Spill 



(1/3, 



A\2 — S?n 
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-Bl2 
Ci2 



12 



E 



12 



12 



^12 



'-'12 



1-2 



1 1/ ^2 X2 



cO 
'-'12 



2- 



;i ;2 



1 



+ ' 




^"12 = 



G12 — 



'-'12 



_C0 

'-'12 



1 - Ijx 



2 -'1 



1 — l/a;2 x^ X2 
2a{xt - x^){x^ - X2) 1 



xt 



Ki2 = 




1 1 X-^^ X'2 X^ X-^ 



Table 6. All-loop S-matrix 
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6. Conclusions and Outlook 

In this paper, we have investigated the application of Yangians to integrable models. 
In particular, we propose that the Yangian is a unified symmetry algebra for many 
integrable models, containing more information about physical models than widely 
appreciated. Most notably, the universal R-matrix of the Yangian was shown to lead 
to crossing invariant, unitary S- matrices for the known models with su{n) invari- 
ance. Likewise, the AdS / CFT S-matrix appearing in the Bethe Ansatz is invariant 
under the Yangian, so it is likely that it can also be completely reconstructed by 
purely algebraic means. The Yangian of the AdS/CFT S-matrix has some special 
features, as the underlying Lie superalgebra is centrally extended. Consequently, 
we studied the modifications necessary to generalise previous results concerning 
universal R-matrices of simple Lie algebras to superalgebras, and in particular, to 
the case of the centrally extended psu(2|2) ix u(l)'^ algebra. We reconstructed the 
AdS/CFT S-matrix in the strong and weak coupling regimes purely from the al- 
gebra, and also derived Drinfeld's second realisation of the full quantum Yangian. 
However, a rigorous derivation of the underlying quantum double remains an impor- 
tant task to be completed. The resulting universal R-matrix should also be related 
to the bound state S-matrices of [175183196) . In this paper, we only studied the Yan- 
gian on the fundamental representation corresponding to fundamental magnons. As 
the Yangian is an abstract algebraic structure, choosing a different, suitable repre- 
sentation leads to the mirror theory, which is important for the derivation of the 
TBA equations. We refer the reader to |83|177j for interesting discussions. Indeed, 
some subsectors of the quantum S-matrix were shown to be related to a universal 
R-matrix in |178j . and in |179j the fundamental S-matrix was rewritten in a way 
resembling the structure of represented universal R-matrices, as well as the classical 
r-matrix of AdS/CFT discussed in this paper. 

As the S-matrices of su(n) invariant models where reproduced purely from the 
Yangian, and we made progress towards such construction for the AdS/CFT S- 
matrix, we believe that similar constructions should work for most of the other 
integrable models as well. Indeed, many known integrable models are invariant un- 
der a Quantum Group, which is usually either a Yangian in the rational case, or 
a quantum afhne algebra for trigonometric R-matrices. Another advantage of our 
approach is that as it is purely algebraic, we could generalise existing constructions 
straightforwardly e.g. to superalgebras. To our knowledge, a systematic study of 
crossing and unitary equations for superalgebras, in the line of thought of [1081180] 
for ordinary Lie algebras, has not been done. One reason is that e.g. simply gener- 
alising theories like the principal chiral field from target space manifolds based on 
simple Lie groups to supergroups does not lead to theories with physical unitarity. 

Integrable models with supergroup symmetry have been studied mainly in the 
condensed matter literature, see e.g. pjlj. In particular, in |182I183I184[ scattering 
matrices with osp(?i|r7i) symmetry where investigated, and it was also found that 
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the phase of the S-niatrix just depends on the dual Coxeter number, similarly to the 
case of sl{n\m) R-matrices investigated in this paper. We believe that the univer- 
sal R-matrices found in this paper are indeed in principle valid for any simple Lie 
superalgebra, so an important task would be to reproduce the osp(n|m) S-matrices 
from our universal R-matrix formula. However, the representation theory of Yan- 
gians based on Lie algebras other than s[(n|r7i) is considerably more involved, as 
there are no simple evaluation representations. Henceforth, even the evaluation of 
the rank one algebra osp(l|2) was quite involved |185| . Our formalism for the deriva- 
tion of the universal R-matrix was, however, different to what was known before in 
the literature |49|185) . as our resulting S-matrices are unitary. Furthermore, our for- 
malism is valid for algebras with non-integer valued Cartan matrices. In particular, 
we believe that one can also find R-matrices for the exceptional Lie superalgebra 
D{2, 1; a) from our formula. This algebra has some applications in relation with the 
AdS/CFT correspondence, as the centrally extended psu(2|2) ix u(l)'^ algebra can 
be obtained as a reduction from D{2, 1; a) [186157] . In [187] . an attempt has been 
made to also derive the Yangian and the classical r-matrix of psu(2|2) k u(l)"^ from 
D(2, l;a). Another situation where non- integer valued Cartan matrices can arise 
is the series of g[(n|n) algebras. These have a u(l) automorphism, which can be 
rescaled and shifted by the central charge. This seems to affect the dressing factor 
of the resulting S-matrices, as was observed in the case gl(l|l) studied in ^T\ . 
As we mentioned, the S-matrix of AdS/CFT investigated in this paper is an inter- 
nal scattering matrix scattering magnons of spin chains, which are related to single 
trace local operators. These operators are local in the four space-time dimensions 
of A/" = 4 Super Yang-Mills theory. Proper gluon scattering amplitudes oi Af = 4 
Super Yang-Mills theory are, a priori, not related to our S-matrix. However, sym- 
metry seems again a unifying scheme. Indeed, the original spin chain is psu(2, 2|4) 
invariant, and this Lie superalgebra should be enhanced to the Yangian |31l32j . 
Likewise, scattering amplitudes in A/" = 4 Super Yang-Mills theory, which are by 
construction invariant under psu(2,2|4), were shown to be also invariant under a 
Yangian j84|85|86|87j . This Yangian is related to the dual superconformal symme- 
try of the amplitudes [188j . As some amplitudes are related to strings on twistor 
space (189j . it was recently confirmed that states in twistor string theory indeed 
form representations of a Yangian |190j . The gluon amplitudes seem structurally 
quite different to the scattering matrices consider in this paper. It would be very 
interesting to investigate if the Yangian symmetries can also restrict the amplitudes 
at higher loops. 

The question of obtaining an all-loop result for amplitudes may hence be solved 
in a similar way as the S-matrix of the spectral problerrQ. We have seen that the 
S-matrix for the spectral problem in AdS/CFT is a coupling dependent quantum 

"Fascinating progress in this direction has been made just when this paper was completed. In 
|191l . all-loop recursion formulas were given for the integrand of scattering amplitudes. 
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S- matrix. It is invariant under the whole quantum Yangian, and the couphng depen- 
dence entered through the eigenvalues of the central charges. However, this does not 
at all constitute a proof of quantum integrability, but the derivation of the S-matrix 
is rather based on the assumption of quantum integrability. We note that even a 
rigorous derivation of classical integrability is not straightforward. The existence 
of infinitely many conserved charges follows from the existence of a flat current, as 
derived in [29] . Their Poisson commutativity was only shown in |145j . and the un- 
derlying classical symmetry algebra was studied in |146|147) . The classical Poisson 
structure contains non-ultra local terms, i.e. derivatives of delta functions. Similar 
terms appear in the Poisson brackets of the principal chiral field or the 0{n) sigma 
model |121|122|123j . This makes for instance the evaluation of commutation rela- 
tions of the charges difficult |47|145j . In the case of the principal chiral field, it was 
argued that the non-ultra local terms come from a bad choice of a classical limit of 
the well-defined quantum theory [192) . The existence of quantum conserved non- 
local charges was argued to exist in [3S] for the 0(n) model and in [35] for other 
nonlinear sigma models on symmetric spaces. 

Recently, after convincing evidence that string theory on AdS^ x CP'^ is also 
integrable [13411351136] and exactly dual to Af = Q Chern- Simons theory in three 
dimensions |133| . attempts have been made to classify space-time backgrounds on 
which string theory is integrable [1931194] . Important for such integrability is the 
existence of a Z4 grading of the symmetry algebra. The arguments given so far 
for this classification are classical or based on one-loop computations. In the pure 
spinor formalism of the AdS^ x superstring, quantum non-local charges were 
also argued to exist [195] . but no explicit computations were performed. Explicit 
calculations at one loop were done in [1961197] . and confirm the integrability of 
the superstring at least in the pure spinor formalism. It is important to explicitly 
confirm the existence of infinitely many conserved charges in the full quantum the- 
ory, to prove integrability and henceforth rectify the use of the S-matrix formalism. 
Furthermore, one should, in principle, derive the same algebraic structures both 
from the Yang-Mills and the string side of the AdS/CFT correspondence. Hence- 
forth, one should be able to fully verify that the TEA equations conjectured in 
[76|77I78(79] correctly describe the spectrum of the AdS/CFT correspondence. 

Another problem of the TEA equations, besides the lack of rigour in their deriva- 
tion, is that they are hard to evaluate. This is because there are infinitely many 
coupled TEA equations, and the evaluation even in the case of the simplest op- 
erators is hard. In 76 , the Y-system for the Konishi operator has been solved to 
four loops, confirming an earlier result obtained from the asymptotic Eethe ansatz 
complimented by Luscher corrections ^69j. To this loop order, the result was also 
checked in perturbation theory [198|199] . To five loops, Luscher corrections have 
been computed analytically [200] . and this result is in agreement with numerical 
investigations of the TEA equations [20112021203] . Furthermore, the Luscher cor- 
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rections have been computed for the whole s[(2) sector [204] . and this resuh is 
compatible with expectations from the BFKL equation. Attempts have been made 
to find a dual string state for the Konishi operator |205j . On the string side it is less 
clear when finite size corrections should become important. In [72] it was shown 
that already the next-to-leading order in the expansion of the dressing phase of the 
Bethe ansatz leads to inconsistencies in the analytic expansion. An important task 
for analytic studies as well as improved numerics is to find equations which are eas- 
ier to handle. For other integrable models there are often integral equations which 
are equivalent to TEA equations, but have the property to be easier to handle. 
Most notably, for Sine-Gordon theory, there are the Destri-deVega equations [81] . 
or, more recently, integral equations for the principal chiral field with su(2) x su(2) 
symmetry have been found in [82] • As the integral equations of the principal chi- 
ral field follow from the S-matrix, which we have shown follows directly from the 
Yangian, one might hope for a direct derivation of the integral equations from the 
Yangian. This is however currently far off. However, we note the appearance of 
q-deformed Cartan matrices in TEA equations |lllj . We have shown that asymp- 
totic S-matrices can be directly related to the Yangian. It would be interesting to 
investigate further the algebraic structures for finite size systems, and if they can 
also lead directly to interesting physical quantities. 

Some of the difficulties of showing integrability of the AdS sigma model are re- 
lated to the fact that in the light-cone gauge, the sigma model is not relativistically 
invariant. This makes it different to most other known integrable field theories. 
One solution to overcome this problem is to not use the light-cone gauge, but at- 
tempt some other covariant methods. One idea is to use the so-called Pohlmeyer 
reduction, which should reduce the original theory in such way that only physi- 
cal degrees of freedom survive, and the theory remains relativistically invariant. 
The Pohlmeyer reduction was proposed in [206] for the AdS superstring, see also 
|207l208j for further progress in this direction. Interestingly, the leading S-matrix 
in the reduced theory [209) looks quite similar to the classical limit |210| of the 
q-deformed S-matrix [211j of the spectral problem discussed in this paper. As this 
classical S-matrix is constructed from a Lie bialgebra, which can be considered as 
a deformation of the bialgebra discussed in this paper, again quantum groups or 
their classical limits seem to be responsible for the constraints on the S-matrix. 

Eesides seeking for a further closure of the gap between the mathematics of 
Yangians and their physical applications, an important task is to generalise the 
mathematics. Some important generalisations are of direct physical concern, such 
as a better understanding of the representation theory of Yangians of superalgebras, 
in particular the one based on the centrally extended psu(2|2) k u(1)^ algebra. The 
dependence of the central charges on each other in the quantum Yangian should 
have a similarly consistent interpretation as for the classical Lie bialgebra studied in 
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this paper. Such identification might then change the representation theory of the 
Yangian. Furthermore, as we beheve that the results concerning Yangians and their 
universal R-matrices are valid for all simple Lie superalgebras, one should explicitly 
show that they lead on representations to the scattering matrices found in |183j for 
the case osp(n|m). One should also be able to construct R-and S-matrices based on 
the exceptional Lie superalgebras. Another generalisation is towards trigonomet- 
ric solutions of the Yang-Baxter equation, whose symmetry is related to quantum 
affine algebras. Corresponding universal R-matrices have been constructed in [212] . 
Indeed, the quantum affine algebra is in several aspects easier to treat than the 
Yangian. In principle, one can also recover the Yangian in a special limit of the 
deformation parameter q. This is expected, as trigonometric S-matrices can be re- 
duced to rational S-matrices. In some cases, such as for XXX spin chain, it is well 
understood what the q-deformation physically means. Basically, q corresponds to an 
anisotropy parameter, which generalises the XXX spin chain to the XXZ spin chain. 
However, for other models, it is less clear what a q-deformation should mean. In 
the context of the AdS/CFT correspondence, q-deformation was related to Leigh- 
Strassler deformations [213121412151216] . where integrability is only preserved for 
special values of the deformation parameter. It is not clear if this is related to the 
above-mentioned q-deformed S-matrix of the spectral problem. 

In this paper, we mainly discussed field theories defined on a cylinder, whose 
circumference is taken to infinity when considering the scattering problem. Yan- 
gian charges exist precisely for such decompactification limit. We note that there 
are also Yangian charges in theories with a boundary, such as the principal chiral 
model '217' or the AdS/CFT correspondence |218| with inserted boundaries. The 
corresponding boundary Yang-Baxter equation yields solutions to the reflection ma- 
trices, which describe the reflection of a particle at the boundary. Hence, they act 
just on one representation space, and not on the tensor product, as the previously 
discussed two particle scattering matrices. The corresponding Yangian acting on 
the boundary is a twisted Yangian |219| . It would be interesting if the boundary 
scattering matrices can also be reconstructed algebraically, in line of thought of 
this paper. As the universal R-matrix of quantum groups generically lives on the 
tensor product of two copies of the quantum group, one might have to consider a 
natural reduction of the R-matrix to one copy of the Yangian. There are natural 
ways involving the antipode as well as the multiplication map of the Hopf algebra, 
i.e. one might consider the element fi{S ld){TZ). 

The Yangian symmetries in the systems we were dealing with are well-defined in 
the infinite length limit of the underlying world-sheet or corresponding spin chain. 
The spin chain underlying Af — 4: Super Yang-Mills theory is long-ranged, as the 
interaction range grows in perturbation theory. We had to consider infinitely long 
chains to construct asymptotic scattering states, so for those states there is no 
problem of defining Yangian charges. Following the TBA logic, the Yangian of the 
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mirror model should also be behind the finite size spectrum. It would be interesting 
to find out what algebraic structure is ultimately acting on finite size spectrum, and 
if it is ultimately a Yangian at all, or only becomes a Yangian for infinite length 
|220j . Note that curiously, for certain other long-ranged spin chains it was possible 
to define Yangian charges also for closed chains [221l222j . Other long ranged spin 
chains with Yangian invariance were investigated in [223j . It seems that as long as 
the long-ranged Hamiltonian preserves integrability, some Quantum Group sym- 
metry also survives. 

Symmetries have played a prominent role in physics in the last century, and it 
is appreciated that one needs to know the precise algebra relations. The algebra 
determines the representation theory, and hence the physics. In integrable models, 
many authors studied the underlying Lie symmetries and appreciated the impor- 
tance of the existence of additional conserved charges. In this paper, we advocated 
that it is worth to know also the commutation relations of the additional conserved 
charges. In integrable models, this algebra is usually a Quantum Group. In partic- 
ular, if the Quantum Group is a Yangian, as for the principal chiral field or the 
AdS/CFT correspondence at strong and weak coupling, we showed that one can 
reproduce the complete S-matrix just from the Yangian. Henceforth, we propose to 
study more deeply the symmetries involved in integrable models, as we argue they 
are more closely related to physics than is widely appreciated. 
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